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ABSTRACT
T his  a n a l y t i c a l  and ex p er im en ta l  i n v e s t i g a t i o n  c o n s id e r s  
the maximum ro o t  mean square resp on se  o f  a co n t in u o u s  e l a s t i c  p la t e  
s u b je c te d  to  a s t a t io n a r y  or pseudo w eakly  s t a t io n a r y  random e x c i ­
t a t i o n .  An a n a l y t i c a l  s o l u t i o n  u t i l i z i n g  the  lumped parameter  
approach i s  g iv e n .  The t o t a l  mass o f  th e  p l a t e  and su p p o rt in g  
frame i s  d iv id e d  in t o  a fo u r te e n  mass sy ste m . The in f lu e n c e  
c o e f f i c i e n t s  a s s o c ia t e d  w ith  t h e s e  fo u r te e n  m asses are  determ ined  
both a n a l y t i c a l l y  and e x p e r im e n ta l ly .  A modal damping r a t i o  m atr ix  
i s  determ ined from th e  ex p er im en ta l  re sp o n se  c u r v e s .  These damping 
r a t i o s  are found to  be a fu n c t io n  o f  freq uency  and not a fu n c t io n  
o f  l o c a t i o n  on th e  p l a t e .  T h is  method o f  s o l u t i o n  a l lo w s  one to  
input a v a r ia b le  power s p e c t r a l  d e n s i t y  e x c i t a t i o n .  The p a r t i c u la r  
e x c i t a t i o n  u t i l i z e d  in  t h i s  i n v e s t i g a t i o n  i s  bandwidth l im ite d  
on the lower end o f  the a p p l ie d  frequency  spectrum  a t  25 h e r tz  
and a t  500 h e r t z  on th e  upper end. The r o o t  mean square power 
l e v e l  o f  th e  random e x c i t a t i o n  over  t h i s  frequency  range i s  149 
d e c i b e l s .  The a n a l y t i c a l  r e s u l t s  o b ta in ed  from t h i s  method are  
compared t o  the  s o l u t i o n  determ ined  by o th e r  au th ors  and to  the  
r e s u l t s  o f  the ex p er im en ta l  t e s t s .
A square p la t e  w ith  r e i n f o r c in g  s t r i n g e r s  which p a r t i t i o n
the p la t e  in to  a system  o f  n ine square p a n e ls  was c o n s tr u c te d  and
in s tru m en ted . The e x c i t a t i o n  a p p l ie d  to  the p l a t e  was random and
i t s  power spectrum  was n e a r ly  c o n s ta n t  over  the range o f  fr e q u e n c ie s
spanned by the s y s te m 's  fo u r te e n  n a tu r a l  f r e q u e n c ie s .  The response
o f  the p la t e  a t  n in e te e n  p o in t s  o f  i n t e r e s t  was recorded from s t r a i n
x
gage o u tp u ts  and transform ed  in t o  power s p e c t r a l  d e n s i t y  p l o t s  and 
ro o t  mean square v a lu e s  o f  d is p la c e m e n t .
A q u a n t i t a t i v e  com parison between th e  e x p e r im e n ta l  and 
a n a l y t i c a l  r e s u l t s  i n d i c a t e s  a very  good c o r r e l a t i o n  on th e  root  
mean square d isp la c e m e n ts  and a good c o r r e l a t i o n  on th e  lo c a t i o n  
in  th e  frequency spectrum  o f  the  peaks in  th e  power s p e c t r a l  d e n s i t y  
p l o t s .  Good c o r r e l a t i o n  i s  ob served  r e g a r d in g  th e  p a r t i c u l a r  power 
v a lu e s  o f  each peak a t  th e  lower f r e q u e n c ie s ,  w ith  a d e c r e a se  in  




Many e n g in e e r s  have been fo c u s in g  t h e i r  a t t e n t i o n  in  
th e  p a s t  few y ea rs  on th e  problems en cou n tered  when a random 
fo r c e  i s  a p p lie d  to  s t r u c t u r a l  m a t e r i a l s .  The advent o f  th e s e  
problems was brought about by the developm ent o f  j e t  e n g in e s  fo r  
a i r c r a f t  and ro ck e t  e n g in e s  for  s p a c e c r a f t .  I t  was found th a t  the  
p a n e ls  in  the f u s e la g e  and wing s t r u c t u r e s  o f  a i r c r a f t  in  the  
v i c i n i t y  o f  the  j e t  e n g in e s  f a i l  due to  the  a c o u s t i c a l  random 
e x c i t a t i o n  they  r e c e iv e  from the  j e t  en g in e  n o i s e .  A s im i l a r  
s i t u a t i o n  e x i s t s  in  th e  neighborhood o f  the  n o z z l e s  on r o c k e ts  
e n g in e s .  The b a s ic  reason  t h i s  random e x c i t a t i o n  i s  so  damaging 
i s  th a t  i t  e x c i t e s  m a t e r ia l s  a t  a l l  f r e q u e n c ie s  over  th e  frequency  
range o f  (bandwidth) i t s  power spectrum . I f  a n a tu r a l  frequency  
o f  the s t r u c tu r e  happens to  e x i s t  in  th e  bandwidth and the s t r u c ­
tu re  i t s e l f  d i s s i p a t e s  l i t t l e  or no energy ( l i g h t  dam ping), the  
r e s u l t i n g  am plitude o f  v i b r a t i o n  would become very  la r g e  and 
f a i l u r e  should occur in  a r e a so n a b ly  sh o r t  p er iod  o f  t im e .
This type o f  resp on se  occu rs  in  l i g h t l y  damped system s  
because  the system  behaves as a narrow-band f i l t e r  and absorbs  
energy p r im a r i ly  a t  i t s  own n a tu r a l  frequency; t h i s  a b so r p t io n  
o f  energy i s  in  phase w ith  the v ib r a t io n  o f  th e  sy ste m , ca u s in g  
th e  am plitude o f  v ib r a t i o n  to  in c r e a s e  w ith  each s u c c e s s iv e  
c y c l e  o f  v i b r a t i o n .  The am plitude o f  a system  w ith  ze r o  damping 
w i l l  tend to  in c r e a se  w ith o u t  bound; the am plitu de  o f  system s
2
w ith  damping w i l l  tend to  in c r e a s e  u n t i l  i t  r ea c h e s  the  l i m i t i n g  
am plitude d e f in e d  by the param eters o f  th e  s y s te m , th e  l i m i t i n g  
am plitude b e in g  la r g e r  w ith  the  l e s s e r  amount o f  damping.
D e f i n i t i o n  o f  the Problem
The s t r i n g e r  r e in fo r c e d  p l a t e  shown in  F igure  1 i s  a 
c o n f ig u r a t io n  commonly found in  a i r c r a f t ,  s p a c e s h ip s ,  and many 
oth er  s t r u c t u r e s .  The p l a t e  and each o f  the  in n er  p a n e l a rea s  
are square w ith  th e  o u te r  edges  o f  th e  p la t e  assumed to  be f i x e d .
The s t r i n g e r  r e in fo r c e m e n ts  are  an i n t e g r a l  p art  o f  the p l a t e ,  
the p an el area s  b e in g  c r e a te d  by m i l l i n g  the p l a t e  in to  i t s  
p r e se n t  c o n f ig u r a t io n  from one s h e e t  o f  m eta l (aluminum). The 
f ix e d  edge c o n d i t io n  was imposed by b o l t in g  an a n g le  ir o n  frame 
to  th e  o u te r  four  in ch es  o f  th e  p l a t e  and c o n n e c t in g  the top and 
bottom frames w ith  p l a t e s  b o l t e d  in t o  th e  fram es. The l a t t e r  
p l a t e s  were used to  support th e  system  du rin g  t e s t i n g .
The problem i s ,  g iv e n  t h i s  p l a t e  and t h i s  e x c i t a t i o n  
(F igure  2 ) ,  p r e d ic t  the  resp o n se  o f  the p l a t e .  The problem i s  
so lv e d  in  two p a r t s :  one , a m athem atica l model was developed  u s in g
a lumped param eter a n a l y s i s ;  tw o, an ex p er im en ta l  t e s t  was made 
on th e  p a r t i c u l a r  p la t e  shown in  F igure 1.
I t  was d ec id ed  th a t  the form o f  th e  resp o n se  should  be 
the resp on se  power s p e c t r a l  d e n s i t y  and the maximum root mean square  
d isp la c e m e n ts  o f  the p l a t e .  The p la t e  was e x c i t e d  by a la r g e  exp o­
n e n t i a l  horn m easuring tw e lv e  f e e t  square a t  i t s  mouth and producing  
a wave fro n t  which was ap p rox im ate ly  p lane w ith  normal in c id e n c e  
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FIGURE 1: Geometric R e p r e s e n ta t io n  o f  T e s t  P la t e
FIGURE 2.E XC I T A T I O N  POWER SPECTRAL OENSITY OF THE RANDOM P R E S S U R E  FIELD
At
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d i r e c t i o n s .  The random e x c i t a t i o n  was band l im it e d  from 25 Hertz  
to  500 H ertz .  T his  bandwidth c o n ta in s  a l l  th e  f r e q u e n c ie s  of  
i n t e r e s t  fo r  t h i s  p a r t i c u l a r  problem and a l lo w s  th e  a t t a i n i n g  
o f  a much h ig h e r  roo t  mean square power l e v e l  than th a t  a t t a in e d  
by a w ider bandwidth. A ro o t  mean square power l e v e l  o f  a p p r o x i­
m a te ly  149 d e c i b e l s  r e fe r e n c e d  to  .0002 bars was a t t a in e d  by the  
horn . F igure 2 shows the power s p e c t r a l  d e n s i t y  o f  th e  a c o u s t i c a l  
fo r c e  e x c i t i n g  th e  p l a t e .
CHAPTER II
PREVIOUS WORK
The purpose o f  t h i s  ch a p ter  i s  to  g iv e  c r e d i t  to  the  
a u th o rs  whose work i s  u t i l i z e d  a s  a gu id e  in  p erform ing t h i s  
i n v e s t i g a t i o n .  The two methods o f  a n a l y s i s  commonly u t i l i z e d  in  
t h i s  type  o f  i n v e s t i g a t i o n  are  th e  normal mode lumped parameter  
a n a l y s i s  and the t r a n s f e r  m atr ix  t e c h n iq u e ,  p r e v i o u s ly  known as the  
H olzer-M yk lestad  method. A lthough e x t e n s i v e  l i t e r a t u r e  r e l a t e d  to  
t h i s  problem was su rv ey ed , th e  scope o f  t h i s  ch a p ter  i s  l im it e d  to  
the p a r t i c u la r  i n v e s t i g a t i o n s  which are  s im i l a r  to  t h i s  i n v e s t i g a t i o n .  
These p a r t i c u la r  i n v e s t i g a t i o n s  are  a l s o  s e l e c t e d  b ecau se  o f  t h e ir  
p r a c t i c a l i t y .
The normal mode approach in  the s tudy  o f  th e  re sp o n se  o f  
co n tin u o u s  s t r u c t u r e s  under random lo a d in g  began w ith  the work by 
Van Lear and Uhlenbeck ( 1 ) *  in  1931. R ecent au thors  u s in g  t h i s  
approach in c lu d e s  M iles  in  1954 ( 1 4 ) ,  Lyon in  1956 ( 2 ) ,  Eringen in  
1957 ( 3 ) ,  Thompson and Barton in  1957 ( 4 ) ,  P ow ell in  1958 ( 5 ) ,
Samuels in  1958 ( 6 ) ,  Dyer in  1958, 1959 ( 7 ) ,  ( 8 ) ,  Bogdanoff and 
Goldberg in  1960 ( 9 ) ,  L in  in  1963-1965 ( 1 0 ) ,  ( 1 1 ) ,  ( 2 6 ) ,  Barnoski  
in  1967 ( 1 2 ) ,  and S e ir e g  in  1969 ( 1 3 ) .
The work o f  M iles  ( 1 4 ) ,  P ow ell  ( 5 ) ,  and L in  ( 1 0 ) ,  ( 1 1 ) ,
(2 6 )  i s  the b a s i s  for  the lumped param eter a n a l y s i s  performed by 
B arnoski (12) and S e ir e g  ( 1 3 ) .  The p a r t i c u l a r  method d eve lop ed  by 
S e ir e g  i s  most l i k e  the a n a l y s i s  used  in  t h i s  i n v e s t i g a t i o n .
* Note: Numbers in  p a r e n th e s i s  r e f e r  to r e f e r e n c e s  in  b ib l io g r a p h y .
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The i n i t i a l  work in  t h i s  area  done by M iles  (1 4 )  assumes
the  r e sp o n se  o f  a p a n e l i s  dominated by one (fu nd am en ta l)  mode.
C o n seq u en t ly ,  he assumes the system  can be r e p r e se n te d  by a s i n g l e  
d eg ree  o f  freedom o s c i l l a t o r .  His assum ption  le a d s  to  the very  
s im p le  e x p r e s s io n  for the output power spectrum o f  p a n e l re sp o n se  
as f o l lo w s :
$x x (io) = |H (id) I2 $ FF(w) ( I I - 1)
where i s  th e  inpu t power spectrum and H i s  the t r a n s f e r  fu n c t io n .FF
S u b s t i t u t in g  t h i s  e x p r e s s io n  in t o  the standard  nean square v a lu e  
e q u a t io n ,
00
x 2 = I $ (o>) duu ( I I - 2 )
il XXo
one o b ta in s  the mean square v a lu e  o f  the r e s p o n s e .  The work done 
by M iles  c o n s id e r s  o n ly  an e x c i t a t i o n  p r e s su r e  f i e l d  which i s  
u n ifo rm ly  d i s t r ib u t e d  over the  p an el in  order th a t  the assum ption  o f  
fundamental-mode predominancy h o ld s .  I f  th e  e x c i t a t i o n  p r e s s u r e  
f i e l d  i s  not u n iform ly  d i s t r i b u t e d  over the p a n e l ,  a more g e n e r a l  
i n v e s t i g a t i o n  i s  w arranted . The work by M i le s ,  l a t e r  ex tended  by 
P o w ell  ( 5 ) ,  was e v e n t u a l l y  u t i l i z e d  to  e v a lu a te  th e  re sp o n se  o f  
a i r c r a f t  p a n e ls  to j e t - e n g i n e  n o i s e .  In many r e s p e c t s  t h i s  work i s  
s im i l a r  to  the a n a ly s i s  used in  t h i s  i n v e s t i g a t i o n .
Pow ell (5 )  extend ed  M ile s '  work to  c o n s id e r  s e v e r a l  modes 
o f  v i b r a t i o n  and ob ta in ed  a g e n e r a l  e x p r e s s io n  for  the  output power
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spectrum  as f o l l o w s :
$ x x (w) = E E  | H » |  . |H («>)! { p p (^)A2 /  ( I I - 3 )
r s T
w here, § _  = e x c i t a t i o n  power spectrum  a t  a r e f e r e n c e  p o in t
r  r  o
A = o v e r a l l  area  o f  th e  s t r u c t u r e  
J = j o i n t  a cc e p ta n c e  o f  th e  p r e s s u r e  f i e l d
r s T
Jv s t  * “ 2 J .  a r ( r )  ^ ( r ' )  drdr' ( n _4)
w here, a  and a  = normal mode am plitu des  r s v
/
r , r  = c o o r d in a te s  o f  a p o in t  on th e  s t r u c t u r e  
drdr* = d i f f e r e n t i a l  area
= a u t o c o r r e la t io n  f u n c t io n  o f  th e  e x c i t a t i o n  p r e ssu r er r
T = d i f f e r e n c e  in  re sp o n se  la g s  f o r  two modes, r and s 
when e x c i t e d  a t  freq u en cy  U).
Lin ( 1 0 ) ,  ( 1 1 ) ,  (26) l a t e r  s i m p l i f i e d  P o w e l l ' s  r e s u l t s  fo r  the  
c a s e  o f  l i g h t  damping and w e l l  sep a ra ted  re so n a n t  f r e q u e n c ie s  to  the  
f o l lo w in g  e q u a t io n :
$ (c«) = E |Hr (w ) j2 * FF (w)A2 /  («,) ( I I - 5)
r 0
Lin (11) e v e n t u a l l y  d e r iv e d  what i s  c o n s id e r e d  the most g e n e r a l  form of  
the normal mode approach to  d e term in in g  the re sp o n se  o f  a l i n e a r  c o n t i ­
nuous s t r u c t u r e  s u b je c te d  to  a random p r e s s u r e .  Lin a l s o  proved th a t  
the g e n e r a l  r e s u l t s ,  E quation ( I I - 3 ) ,  a r r iv e d  a t  by P o w ell  can be 
deduced from the more g e n e r a 1. Equation ( I I - 6 )  by assum ing the e x c i t a ­
t io n  p r e ssu r e  f i e l d  to  be weakly s t a t io n a r y .
* x x ( r l ’r 2 ;u;) = A $ FF^Pr P2 ;Û  H r̂ 1 ’ P1 *,<JL̂ H* ( r 2 ’ P2;Ŵ dpl dp2 ( I I - 6)
w here, r p ^  = c o o r d in a te s  o f  the resp o n se  p o in t
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^ l ’ ^2 = coor<**-n a te s  t 'ie  e x c i t a t i o n  p r e ssu r e  
H* = complex co n ju g a te  o f  H
Barnoski (12) a p p lie d  the r e s u l t s  determ ined by Lin (11 ) w ith
the  h e lp  o f  work by C randall (28) and R oberts  (29) t o  p r e d ic t  th e  mean 
square d is p la c e m e n ts  and v e l o c i t y  re sp o n se  o f  r e c ta n g u la r  p l a t e s  sub­
j e c t e d  to  a random e x c i t a t i o n .  Barnoski d eve lop ed  two d im e n s io n le s s  
c o e f f i c i e n t s  named ( I  and I I ) ,  whose v a lu e s  range from zero  to  one 
and are  to  be m u l t ip l i e d  r e s p e c t i v e l y  by th e  r e s u l t s  o f  Lin for  the  
r o o t  mean square d isp la cem e n t  and v e l o c i t y .  These c o e f f i c i e n t s  are  
determ ined  by the p a r t i c u l a r  damping r a t i o  (Z) o f  the  sy stem  and the  
r a t i o  o f  the c u t - o f f  frequ en cy  (upper bandwidth l i m i t )  (w^) o f  the in p u t
spectrum  to  the n a tu r a l  frequency  o f  the system  (it ) .  For damping r a t i o
(Z) l e s s  than 0 .0 1 ,  both the d im e n s io n le s s  c o e f f i c i e n t s  I and I I  are  
n e a r ly  z e r o ,  fo r  a'c / jun somewhat l e s s  than one; they  r a p id ly  approach  
u n i t y  as UJc / UJn becomes s l i g h t l y  g r e a t e r  than one and con verge  to  u n ity  
as  {Uc â>n approaches i n f i n i t y .  B a r n o sk i's  r e s u l t s  converge  to  the  
r e s u l t s  g iv e n  by Lin (11 ) fo r  an e x c i t a t i o n  spectrum  w ith  a c u t - o f f  
freq uency  which encom passes the n a tu r a l  f r e q u e n c ie s  o f  the system .
S e ir e g  and Howard (30) d eve lop ed  an approxim ate normal 
mode method o f  a n a ly s i s  which p erm its  any l i n e a r  n o n -c o n s e r v a t iv e  
system  to  be s o lv e d  by s u p e r p o s i t io n  o f  uncoupled c o o r d in a t e s .  The 
normal mode method does not g e n e r a l ly  apply to  damped sy s te m s .  Only 
a p a r t i c u l a r  c l a s s  o f  damped s y s te m s ,  o r i g i n a l l y  d e f in e d  by R ay le igh  
(31) and l a t e r  g e n e r a l iz e d  by Caughey ( 3 2 ) ,  can be uncoupled  by the  
same tra n sfo rm a tio n  which u ncou p les  c o n s e r v a t iv e  s y s te m s .  Foss (33)  
and O 'K elly  (34) l a t e r  d e sc r ib e d  the complex t r a n s fo r m a t io n s  th at  
are  req u ired  to  uncouple c e r t a i n  damped sy ste m s.  These r e s u l t s ,
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a lth o u g h  t e c h n i c a l l y  u n cou p led , are  so co m p lica ted  th a t  the primary  
o b j e c t i v e  o f  u s in g  normal modes i s  d e f e a t e d .
S e ir e g  and Howard (30)  d eveloped  an approxim ate method which 
a l lo w s  any lumped parameter l in e a r  system  s u b je c te d  to  an a r b i t r a r y  
f o r c in g  fu n c t io n  to  be ap p rox im ate ly  r e p r e se n te d  by e q u a t io n s  uncoupled  
by th e  same tr a n s fo r m a t io n  which uncouple th e  c o n s e r v a t iv e  s y ste m s.
The method d eveloped  by S e ir e g  and Howard u t i l i z e s  ex p er im en ta l  
re sp o n se  cu rv es  determ ined  by e x c i t i n g  the system s w ith  pure to n e s .  
These re sp o n se  cu rves  are  u t i l i z e d  to  determ ine the damping r a t i o s  
( Z ^ )  as d e s c r ib e d  by B ru el and Kjaer ( 1 7 ) .  The am plitude  r a t i o s  a t  
each n a tu r a l  freq uency  are used to  approximate the e ig e n v e c t o r s  o f  
the  sy stem . Knowing the r e l a t i o n  between the e ig e n v e c t o r s  ( V ^ )  anc  ̂
the modal p a r t i c i p a t i o n  f a c t o r s  (a^) to  be by d e f i n i t i o n ,
the  system  o f  s im u ltan eou s  eq u a t io n s  may be so lv e d  fo r  the modal
th e  nonresonant components o f  th e  damping are to  have n e g l i g i b l e  
e f f e c t  a t  the n a tu r a l  f r e q u e n c ie s ,  produce what are c a l l e d  the
These f i c t i t i o u s  damping r a t i o s  are  used to  e v a lu a te  the  f i c t i t i o u s  
d isp la c e m e n ts  in  each mode o f  v i b r a t i o n .  The summation o f  the  
independent modal d isp la c e m e n ts  produces the t o t a l  d isp la cem en t  
a t  each p o in t  on th e  p l a t e .  The f i c t i t i o u s  damping r a t i o s  reduce  
to  modal damping r a t i o s  when the damping o f  the system  i s  s m a l l .  
T h is  method produces r e s u l t i n g  d isp la c e m e n ts  which vary  from the
( H - 7 )
p a r t i c i p a t i o n  f a c t o r s  a . The s in g le - r e s o n a n c e  assum ption  th a tK
f i c t i t i o u s  damping r a t i o s  ( C ^ ) *  They are d e f in e d  by ,
( I I - 8 )
ex p e c te d  v a lu e s  by l e s s  than ten  per c e n t  when the damping r a t i o  
i s  l e s s  than 0 . 1 0 .
The method o f  a n a l y s i s  u t i l i z e d  in  t h i s  i n v e s t i g a t i o n  i s  
s im i l a r  to  the method used by S e ir e g  and Howard ( 3 0 ) .  The e s s e n t i a l  
d i f f e r e n c e  i s  th a t  the damping r a t i o s  in  t h i s  i n v e s t i g a t i o n  are  
s u f f i c i e n t l y  sm a ll  (F ig u re  21) to  j u s t i f y  u t i l i z i n g  modal damping 
r a t i o s  r a th e r  than f i c t i t i o u s  damping r a t i o s .  In t h i s  i n v e s t i g a t i o n  
the  e i g e n v e c t o r s ,  e i g e n v a lu e s ,  and modal p a r t i c i p a t i o n  f a c t o r s  are  
determ ined  a n a l y t i c a l l y  r a th e r  than by th e  u se  o f  the ex p er im en ta l  
d a ta .
The method o f  t r a n s f e r  m a tr ic e s  d e s c r ib e d  by L in  ( 1 1 ) ,  
( 2 6 ) ,  McDaniel and Donaldson (2 7 )  i s  a l s o  a method o f  a n a l y s i s  for  
p l a t e s  s u b je c te d  to  a random e x c i t a t i o n .  Dokanish (35)  l a t e r  
expanded the t r a n s f e r  m atr ix  method by combining i t  w ith  the f i n i t e  
e lem en t te c h n iq u e .  The g e n e r a l  tech n iq u e  fo r  a p p ly in g  t h i s  method 
of  a n a ly s i s  i s  to  assume th e  p la t e  i s  composed o f  s e v e r a l  rows o f  
p a n e ls ;  each row o f  p a n e ls  is  assumed to  be sep a ra ted  by i n f l e x i b l e  
s t r i n g e r s .  The p a n e ls  in  each  row are sep a ra ted  by f l e x i b l e  
s t r i n g e r s  which are p e r p e n d ic u la r  to the i n f l e x i b l e  s t r i n g e r s .  The 
r e sp o n se  o f  t h i s  system  i s  assumed to  be harmonic in  the d i r e c t i o n  
normal to  the i n f l e x i b l e  s t r i n g e r s  and to  be random in  th e  d i r e c t i o n  
p a r a l l e l  to  the  i n f l e x i b l e  s t r i n g e r .  3ach p an el may then  be sub­
d iv id e d  in to  s t r i p s  which have t h e i r  edges  p a r a l l e l  to  th e  s t r i n g e r s  
The s t i f f n e s s  and mass m a tr ic e s  fo r  each s t r i p  are then  c a l c u l a t e d .  
The e q u i l ib r iu m  e q u a tio n s  are  determ ined to  o b ta in  the r e l a t i o n
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betw een  the  r i g h t  and l e f t  edges  o f  each s t r i p .  R equirem ents o f  
d isp la cem e n t  c o n t in u i t y  and fo r c e  e q u i l ib r iu m  a t  the ed ges  common 
to  two a d ja c e n t  s t r i p s  g iv e s  th e  t r a n s f e r  m atr ix  r e l a t i o n .
S u c c e s s iv e  m a tr ix  m u l t i p l i c a t i o n  f i n a l l y  r e l a t e s  the  v a r i a b l e s
o f  the l e f t  and r i g h t  boundary o f  each  p a n e l and e v e n t u a l l y  o f
th e  e n t i r e  p l a t e .  Boundary c o n d i t io n s  r e q u ir e  the determ inan t
o f  a p o r t io n  o f  th e  o v e r a l l  t r a n s f e r  m a tr ix  to v a n is h  a t  the  n a tu r a l
fr e q u e n c ie s  o f  th e  sy stem . By s u b s t i t u t i n g  v a lu e s  o f  frequency
u n t i l  th e  determ inant v a n i s h e s ,  the n a tu r a l  f r e q u e n c ie s  are  d eterm ined .
The method a l s o  produces the mode shapes o f  the system .
Another method o f  a n a ly z in g  the  random re sp o n se  o f  p l a t e s  
i s  th e  u t i l i z a t i o n  o f  an an a lo g  computer to  model and s o lv e  th e  
problem. Murphy and S w if t  (37 ) and B arnosk i (12 ) are  some o f  the  
a u th o rs  who have u t i l i z e d  t h i s  method o f  a n a l y s i s .  Through the  u se  
o f  a n a lo g  computers and c o n t r o l  system  te c h n iq u e s ,  a d e t e r m i n i s t i c  
fu n c t io n  i s  g en era ted  which has th e  c o r r e c t  s t a t i s t i c a l  p r o p e r t i e s  
o f  th e  random e x c i t a t i o n .  T h is  fu n c t io n  i s  used to  s o lv e  in  a 
d e t e r m i n i s t i c  fa s h io n  for  the  r e s p o n s e ,  which i s  d e sc r ib e d  
s t a t i s t i c a l l y  in  terms o f  d isp la cem e n t  or s t r e s s .
For t h i s  method o f  a n a ly s i s  the k i n e t i c  and s t r a i n  e n e r g ie s  
are c a l c u la t e d  and the eq u a t io n s  o f  m otion are d e r iv e d  by u s in g  
L agran ge's  e q u a t io n .  A G aussian  n o is e  g e n era to r  s u p p l i e s  the "white  
n o ise "  which i s  p assed  through a d d i t io n a l  shaping  f i l t e r s  to  produce  
v o l t a t e s  which have the s t a t i s t i c a l  r e p r e s e n t a t io n  o f  the f o r c in g  
fu n c t io n .  The d i f f e r e n t i a l  e q u a t io n s  are  then  s o lv e d  by th e  an a lo g  
com puter.
The s e l e c t e d  i n v e s t i g a t i o n s  d is c u s s e d  in  t h i s  ch a p ter  in d ic a t e  
th a t  a g r e a t  d e a l  o f  work has been done on t h i s  problem. The
13
primary developm ent in  t h i s  area  has been  in  th e  realm  o f  a n a l y s i s .  
A lthough more work needs to  be done a n a l y t i c a l l y ,  the primary concern  
now i s  to  d ev e lo p  te c h n iq u e s  so th a t  th e  t h e o r i e s  may be a p p l ie d  to  
p r a c t i c a l  s t r u c t u r e s .  R e la t iv e  to  the a n a l y t i c a l  work th a t  has been  
a cco m p lish ed , v e r y  l i t t l e  ex p er im en ta l work has been  performed to  
v e r i f y  the r e s u l t s  o f  the a n a l y s i s .  A s p e c ta c u la r  example o f  the  
a d d i t i o n a l  work needed in  t h i s  area  i s  th e  u nexp ected  f a t ig u e  
cra c k s  which d ev e lo p ed  on the A ir F o r c e 's  huge C5-A tr a n sp o r t  
a i r c r a f t .  These c ra c k s  are  b e l i e v e d  to  be caused by the same type  
o f  random e x c i t a t i o n  which i s  th e  m o t iv a t io n  o f  t h i s  i n v e s t i g a t i o n .  
A lthough t h i s  problem  o r ig in a t e d  w ith  modern f l i g h t  v e h i c l e  
s t r u c t u r e s  e x c i t e d  by j e t  or r o c k e t  e n g in e  n o i s e ,  i t  has been  found 
to  ap p ly  t o  many o th e r  sy ste m s.
CHAPTER III
ANALYTICAL EQUATIONS OF MOTION
This ch a p ter  e s t a b l i s h e s  a d e r i v a t i o n  fo r  the mean square
resp o n se  o f  the p a n e l  s t r u c tu r e  by u s in g  an approxim ate normal-mode 
method fo r  a damped, lumped param eter sy stem . A s c a le d  drawing o f  
th e  a c t u a l  p l a t e  i s  shown in  F igure  1. T h is  s t r u c t u r e  i s  r e p r e se n te d  
by th e  lumped mass system  shown in  F igure 3 . The d isp la c e m e n ts  o f  
the  m a sse s ,  x ( I ) , I = 1 ,  2 ,  3 ,  . . . ,  14, are  in  a d i r e c t i o n  p e rp en d icu la r  
to  th e  p la n e  o f  th e  p l a t e  and r e fe r e n c e d  to  i n e r t i a l  c o o r d in a t e s .
Energy e x p r e s s io n s  fo r  the system  are  as f o l lo w s :
L agran ge's  e q u a t io n  in  norm alized  c o o r d in a te s  for  a m u lt i ­
d egree  o f  freed on  system  can be w r i t t e n  a s ,
•  2K in e t ic  en ergy  = T = % E nu x^
N N
P o t e n t i a l  energy  = U = ^ E  E K  x x
1=1 ;=i  LJ 1 J
D is s ip a t e d  en ergy  = D = % E E C
i = l  j = l
N
Work done = W = E f .  x .
( I I I - l )
where the c o o r d in a te  tr a n s fo r m a t io n  i s  d e f in e d  a s ,
14
1 5
w h ere ,
n .  = .0 0 0 7 9 1  m, = . 0 0 0 7 9 1  m , , = .000791I o 11
m2 = .0 0 3 0 2 2  m? = .0 0 0 7 9 1  m = .000791
m_ = .0 0 3022  = .0 0 0 7 9 1  m, = .0 00791-3 o 1J
m. = .0 0 3 0 2 2  mn = . 0 0 0 7 9 1  rn, , = . 5 9 5 2 3 84 9 14
n r = . 0 0 3 0 2 2  m = .0 0 0791
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This  t r a n s fo r m a t io n  i s  n e c e s s a r y  in  order to  uncouple the  
e q u a t io n s  o f  mot ion for  the system .  I t  i s  shown in  Appendix A t h a t  
th e  n e c e s s a r y  to  perform t h i s  t r a n s fo r m a t io n  are  the e i g e n v e c t o r s
which d e s c r i b e  th e  normal modes o f  the  f r e e ,  undamped v i b r a t i o n  system.  
The e i g e n v a l u e s  a s s o c i a t e d  w i th  each o f  the  e i g e n v e c t o r s  are  the  
undamped n a t u r a l  f r e q u e n c i e s  o f  the  system and can be ob ta in ed  a long  
with  the  e i g e n v e c t o r s  by s o l v i n g  the  d i f f e r e n t i a l  e q u a t io n  o f  motion  
for  the f r e e  undamped v i b r a t i o n  system .
S u b s t i t u t i o n  o f  th e  t r a n s fo r m a t io n s  i n t o  the  work and 
energy  terms,  and u t i l i z a t i o n  o f  th e  o r t h o g o n a l i t y  r e l a t i o n s h i p  g iv e n  
below,
N
2  m. V., V.. , i  lk  ltn i = l
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N N
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0 ,  fo r  k 4 m
N
E
i = l  j = l
K. . V.. V.. , for  k i j  ik j k ’ = m
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w ith  the frequency  e q u a t io n  fo r  th e  undamped f r e e  v i b r a t i o n  sys te m ,
and making the  s u b s t i t u t i o n s ,
Ku  v ik v jk  ‘  «k \  ( I I I - 3>i = l  j = l  J J
N 2* Z m .  V
1=1 1 l k
N N
■Sc ■ £  £  Ku  v ik  v jk  <I U - 3‘ >
N N
c = z z c.  . V. .  V. .
i = l  j = l  ik  Jk
one o b t a in s :
N N N
T * * *  A  " i  v iki = l  k=l k= 1
N N N N
A  A  ^ V3k
N N N # N N N
D -  h Z Z Z C. . V.. V.. X. X. -  % Z Z Z C. . V.. V., X,
i  1 J 1 • 1 i k  j k  k  k  i  i  • i  • i 1 J  l k  l k  kk=l i= l  j= l  k=l 1=1 j= l  J
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S u b s t i t u t i n g  t h e s e  r e l a t i o n s  i n t o  L agran ge ' s  e q u a t i o n ,  the  
f o l l o w i n g  s e t  o f  eq u a t io n s  are  o b ta in ed :
where,
Fk -  £  £ l  Vlk ( I I I - 4 a )
Equation  ( I I I - 4 )  i s  con verted  to  the  form which r e p r e s e n t s  
uniform v i s c o u s  damping by u s in g  Equation ( I I I - 3 ) .
I f  i s  c o n s t a n t  for  each v a lu e  o f  in  Equat ion ( I I I - 5 ) ,
the  system has uniform v i s c o u s  damping. This i s  a good approximation  
for  systems in  which the  damping i s  an in h e r e n t  p rop erty  o f  the spr in g  
m a t e r i a l  ( 1 3 ) .  S in c e  the p h y s i c a l  s t r u c t u r e  u t i l i z e d  in  the e x p e r i ­
mental  work was c o n s t r u c t e d  o f  aluminum and the  in h e r e n t  damping of  
the aluminum was the  on ly  damping c o n s i d e r e d ,  the above assumption  
o f  et*u a  ̂ to a c o n s t a n t  v a l i d  for  t h i s  system.  I t  i s
-'hown below th a t  t h i s  c o n s ta n t  e q u a l s  2Z^/o),^, where i s  the
nodal damning r a t i o .
By d e f i n i t i o n :
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Cc^ = , c r i t i c a l  damping c o e f f i c i e n t
z k Cc, k
^k - V i
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Equation ( I I I - 5 )  w i th  the above s u b s t i t u t i o n s  now becomes,
\  + “ k \  +  2 ( I I I ' 6 )
The s o l u t i o n  to  Equation ( I I I - 6) may be determined by the  
well -known method o f  c o n v o l u t i o n  (13)  to  b e ,
00
*k -  i y r ;  Jo V T> [ -  c k »d s in  “ d ( t - T> dT ( I I I - 7)
w here ,
20
"a '  %  J 1 ■ z k
^  = V J 1 - zk
t  = t ime
T  -  t 2  -  t x
S in ce  a f u n c t i o n  which w i l l  a d e q u a te ly  r e p r e s e n t  the
f o r c i n g  f u n c t i o n  F ( t )  cannot  be w r i t t e n  e x p l i c i t l y ,  a p r o b a b i l i s t i cK
r e p r e s e n t a t i o n  must be u t i l i z e d .  This  r e p r e s e n t a t i o n  e s s e n t i a l l y
transforms the d e t e r m i n i s t i c  problem from an e x p l i c i t  f o r c i n g
f u n c t i o n  and a r e s u l t i n g  d e f i n i t e  v a lu e  for  the r e s p o n s e ,  to  the
p r o b a b i l i s t i c  problem in  which the  input f o r c i n g  f u n c t i o n  i s  g iv e n
as  a power s p e c t r a l  d e n s i t y  and the output i s  the  mean square v a lu e
o f  th e  r e s p o n s e .
I t  i s  assumed th a t  th e  e x c i t a t i o n  i s  a t  l e a s t  weakly
s t a t i o n a r y ,  which d e f i n e s  t h a t  i t s  e x p ec te d  v a l u e  (mean v a l u e )  be a
c o n s t a n t  and th a t  i t s  a u t o c o r r e l a t i o n  f u n c t i o n  depend o n ly  on
t  = t„ -  t ,  . The a u t o c o r r e l a t i o n ,  R , i s  d e f in e d  by the e x p r e s s i o n ,2 1 xx c t
RXX( t l '  V  ‘  ELx ( t l > X(t2) j
where the  E den otes  exp ec te d  v a l u e ,
TO
r*
FTx"! = 1 x f  (x)  dx
1— 1 v : x
where ,  x̂ ( x ) i-s the p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  In e q u a t io n  form the
above d e f i n i t i o n  of  a weakly s t a t i o n a r y  f o r c e  F i s :
: | j ( t  T\  = c o n s ta n t
RFF( t l ’ t l ) RFF ( t 2 “ t l ) RF F ^
From th e  s t a t i s t i c a l  a n a l y s i s  o f  the  a c t u a l  random e x c i t a t i o n
t h a t  was used as an in pu t  to  the  s t r u c t u r e ,  i t  was found t h a t  the  
e x c i t a t i o n  was indeed  weakly  s t a t i o n a r y  (Chapter V) .  The r e s p o n se  
to  a weakly s t a t i o n a r y  e x c i t a t i o n  i s  n o n s t a t i o n a r y  fo r  s m a l l  v a l u e s  o f  
t ime ( t ) .  The r e s p o n s e  becomes weakly s t a t i o n a r y  a f t e r  th e  system  has 
been exposed  to  the  weakly s t a t i o n a r y  e x c i t a t i o n  fo r  a s u f f i c i e n t l y  
long  p e r io d  o f  t im e .  Lin  (11 )  s t a t e s ,  fo r  example ,  t h a t  a s u f f i c i e n t l y  
long  p e r io d  o f  t ime i s  four n a t u r a l  p e r i o d s  i f  th e  damping r a t i o  
Z = 0 . 1 ,  or about twenty n a t u r a l  p e r i o d s  i f  Z * 0 . 0 2 .  These t im es  are  
r e q u ir e d  for  the  e f f e c t s  o f  the  c o n f i g u r a t i o n  o f  the  system a t  t  = 0 
and the  r e s u l t a n t  t r a n s i e n t  r e s p o n s e  to  d i e  o u t .  The r e s u l t i n g  
weakly s t a t i o n a r y  re s p o n se  i s  an a logous  to  th e  s t e a d y - s t a t e  resp on se  
in  the  d e t e r m i n i s t i c  v i b r a t i o n  th e o r y .
The power s p e c t r a l  d e n s i t y ,  $ , i s  d e f i n e d  as the F our ierXX
transform  o f  the  a u t o c o r r e l a t i o n  f u n c t i o n ,  R , o f  the  weakly
The i n v e r s i o n  formula can a l s o  be w r i t t e n  a s ,
ODf*
R ( t ) = ! $ (u>) exp (-iouT)dto
XX „ xx
where,  i ,  as used in  the  e x p o n e n t i a l  term here  and in  the a p p r o p r ia te
The s i g n i f i c a n c e  o f  t h i s  e x p r e s s i o n  i s  apparent where t  i s  
a l lo w e d  to  approach zero  for  la r g e  v a l u e s  o f  t ime ( t ) .
xx
s t a t i o n a r y  random v a r i a b l e ,  x ( t ) ,  a s ,
e q u a t io n s  to  f o l l o w ,  i s  equal  to  V“ 1•
22
( I I I - 8)
This  l a s t  e q u a t io n  eq u a te s  the mean-square r e s p o n se  to
th e  i n t e g r a l  o f  the  r e s p o n se  s p e c t r a l  d e n s i t y .  From the  work done  
by L in  in  r e f e r e n c e  ( 1 1 ) ,  the r e l a t i o n s h i p  between  the  s p e c t r a l  
d e n s i t i e s  o f  the  e x c i t a t i o n  and the  r e s p o n se  i s  o b t a in e d .
S u b s t i t u t i n g  eq u a t io n  ( I I I - 9 )  i n t o  e q u a t io n  ( I I I - 8 ) ,  one
o b t a i n s ,
t h a t  the  power s p e c t r a l  d e n s i t y  i s  a c o n s t a n t ,  and two, assuming th a t  
i t  i s  not a c o n s t a n t .  The r e s u l t s  o f  t h e s e  two p a r t s  w i l l  be compared 
in  Chapter V.
s l o w l y  in  the v i c i n i t y  o f  the  n a t u r a l  frequency  o f  th e  sy s te m ,  i t  can  
be assumed th a t  t h i s  s p e c t r a l  d e n s i t y  i s  a c o n s t a n t  for  a l l  v a l u e s  o f  
frequency  and t h a t  th e  v a l u e  o f  the c o n s ta n t  i s  the  v a lu e  o f  the spec ­
t r a l  d e n s i t y  e v a l u a t e d  at  the  n a tu r a l  f requency .  Th is  i m p l i e s  th a t
$__(<!)) i s  a c o n s t a n t  and i s  eq ua l  t o  $ ( id )  .
FF rr k
The t r a n s f e r  f u n c t i o n  H(a>) i s  determined by e x c i t i n g  the  
system w ith  a s i n u s o i d i a l  f o r c i n g  f u n c t io n  f  and arran g ing  the  
r e s u l t i n g  r e s p o n se  x in  t h i s  form:
$ x x ^  = $ F F ^  I2 ( H I - 9 )
$pp(u.') |H(<u) | 2 duu ( I I I - 10)
The a n a l y s i s  w i l l  be accomplished  in  two p a r t s :  on e ,  assuming
I f  the s p e c t r a l  d e n s i t y  o f  the e x c i t a t i o n  changes  v e r y
H(o)) j  ̂ dcj
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x ^ t )  = H(m) f ±( t )
U t i l i z i n g  Equat ion  ( I I I - 6 ) ,
'  «k*k + 2Zk "k *k + “ k *k
w here ,
Fk " Fko eitp
and, i s  assumed to  b e ,
\  = \ Q exp (ixut)
= X^o exp (iiDt) (iu>)
*k = exp ( iu-'t) (iu>)^ = -  u)  ̂ X^o exp (icut)
Equation ( I I I - 6 )  becomes
2 2 -Xko tu exp ( ixut) + 2Z ĉu  ̂ X^o (ixu) exp ( iout> + X^o exp ( ia i t )
Fko r-t Mexp ( iiwt)
Xko Co,2 -  * 2 + 21 Zk - k » )  = ^  
x = __________!k o ________________
ko  ^ 2 2  1
V \  -  +  2 i  z k " k  *  j
*k
F, exn (Ixut) F,ko ‘ k
^ [ .“k • 0,2 + 21 \  \  " j  \ L a’k • “,2 + 21 zk mk '*’]
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S u b s t i t u t i n g  i n t o  Equation ( I I I - 2 )  and s u b s t i t u t i o n  o f  
Equat ion  ( I I I - 3 a )  and ( I I I - 4 a )  i n t o  the r e s u l t i n g  e q u a t io n ,  one 
o b t a i n s :
N
Xi  = Z ~  1 k = l
,s , nj vjk K  - i"2 + 21 \  “k ®]
j = i
N
Xi  = E ” N k =l
N
V.. 2  P A. V..
i k  1=1 J J k
2 22 I ux" - + 2 i  Z, a), cu2  m, V L  k
j = l j  Jk
k k J
D ef in e :
N 22 m. V..
J - l  J Jk
N N N
2 f  , V = 2 P A. V , , = P 2 A. V.,
J - l  j = l
where,  P = uniform p r e s s u r e  a p p l i e d  t o  a l l  masses  
A. = area o f  each mass
* k
N
2 A. V.,  
j - i  J J k
x . =
k = l  : ux' -  <j j 2  +  2 i  Z, a' u :  | L k k k J
I t  can now be seen  th a t  H(cx) i s  determined to be:
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N \  Vik  \H(cu) = Z ----------- -— —— ~
k -1  or- ...2
<
ou k
2 2 —2 
,2 N ak Vi k Ak| h (oj) |  -  z
k - 1  4 r  /  ...2x2
k L  ,  w  X .x _  .
go. k
k
I ( ‘ -  “ *) * K S r)  J
2
Subst itut ing  |H(cu) | i n t o  e q u a t io n  ( I I I - 1 0 ) ,  one o b t a i n s  the
g e n e r a l  e q u a t io n  for  the  s t e a d y - s t a t e  mean-square r e s p o n se  at  the  
t  hi  l o c a t i o n  fo r  a lumped parameter system.
M m  2 ,«2 ~2
0 v -v K
x T ( t )  -  £  (u>)----  '~ ' 2 "o-------------------- 7 “  ^  ( H I - 1 2 )
4 ( ‘ - 4) + K  S t ]
\  ^k
I f  the  power s p e c t r a l  d e n s i t y  can be assumed to  be a 
c o n s t a n t  w i th  r e s p e c t  to  freq u en cy ,  e q u a t io n  ( I I I - 12) becomes,
2 2 —9
- 2 , . ,  " .  r  \x 7 ( t )  = s  * FF(») J . „    2 ,  ■  r -  <lxi ( I I I - 13)
•4K1 - h f + K -) ]oi. kk
The i n t e g r a l  in  Equation ( I I I - 13) may be e v a l u a t e d  by th e  
method o f  r e s i d u e s  as  g iv e n  by r e f e r e n c e s  (11)  and ( 1 5 ) .  See  
Appendix B.
r  \  VL  * -  n \  v ik
4 ( i - 4 ) 2 + K  y 2]
\  k
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C o n s id e r in g  o n ly  the p h y s i c a l l y  r e a l i z a b l e  p a r t  o f  the  
frequency  spectrum,  th e  above e q u a t io n  becomes,
mean-square r e s p o n s e  for  a system  e x c i t e d  by a n e a r l y  c o n s ta n t  
random f o r c e .  The random f o r c e  in  t h i s  c a s e  must be n e a r l y  c o n s ta n t  
i n  t h e  neighborhood o f  the  n a t u r a l  f r e q u e n c i e s .  I f  t h i s  l a t t e r  
c o n d i t i o n  i s  n o t  met by the  system  b e in g  a n a ly z e d ,  Equat ion ( I I I - 12) 
must be u t i l i z e d .  In Chapter IV, the p h y s i c a l  p l a t e  w i l l  be modeled  
i n  a lumped parameter format .  The ap p rop r ia te  lumped parameter w i l l  
be c a l c u l a t e d  and s u b s t i t u t e d  i n t o  Equations  ( I I I - 12) and ( I I I - 14) 
r e s p e c t i v e l y .  These  two o u tp u ts  w i l l  be compared w i th  the  i n t e n t i o n  
o f  d e te r m in in g  the e r r o r  in v o lv e d  in  assuming a c o n s ta n t  power 
spectrum in  the  neighborhood o f  the  n a t u r a l  f r e q u e n c ie s  for  a 
p a r t i c u l a r  input  power spectrum.
2 2 —2 
\  v i u  \  d*
2 2 —2 
K  Vi k >
4Z, au3
The i n t e g r a t e d  form o f  Equation  ( I I I - 13) becomes ,
( I I I - 14)
U t i l i z i n g  Equat ion  ( I I I - 1 4 ) ,  one can o b t a i n  the s t e a d y  s t a t e
CHAPTER IV
A LUMPED PARAMETER MODEL OF THE STRUCTURE 
AND COMPUTER EVALUATION OF EQUATIONS OF MOTION
In t h i s  c h a p t e r ,  the p a r t i c u l a r  p l a t e  shown in Figure  1
w i l l  be modeled as a lumped parameter system .  The p h y s i c a l  q u a n t i ­
t i e s  such as mass,  damping,  and s t i f f n e s s  w i l l  be lumped a t  f o u r ­
t e e n  d i f f e r e n t  l o c a t i o n s  on th e  p l a t e  (F igure  3 ) .  The methods used 
to  a p p o r t io n  v a lu e s  for  the lumped parameters w i l l  s u b s e q u e n t ly  be 
d i s c u s s e d .  Equations  (1 1 1 -1 2 )  and (1 1 1 -1 4 )  w i l l  be e v a lu a te d  u s in g  
the d e r iv e d  v a lu e s  for  the lumped p aram eters .  The f i n a l  r e s u l t s  
w i l l  be g iv e n  in  terras o f  the power s p e c t r a l  d e n s i t y  o f  the output  
resp on se  and the  roo t  mean square maximum d is p la c e m e n ts  a t  the  
fo u r te e n  l o c a t i o n s  and w i l l  be c a l c u l a t e d  by the  two a n a l y t i c a l  
methods d i s c u s s e d  in  Chapter I I I .
The p a r t i c u l a r  c o n f i g u r a t i o n  o f  the exp er im en ta l  p l a t e  was 
a square fo r  f a b r i c a t i o n  co n v en ie n c e ;  however,  the a n a l y s i s  i s  genera l
f o r  any p l a t e  c o n f i g u r a t i o n .  S in ce  the  p l a t e  was a square ,  i t  would
have been p o s s i b l e  to  model on ly  o n e - e i g h t h  o f  the p l a t e  and m ainta in  
g e o m e t r i c a l  symmetry and o b t a in  the d e f l e c t i o n s  o f  the remainder o f  
the p l a t e  through g e o m e tr i c a l  c o n s i d e r a t i o n s ;  however,  the small  
v a r i a t i o n s  in the d im ensions  o f  the p h y s i c a l  system ( p l a t e  p lu s  
frame) from the d im ensions  which would make the system p e r f e c t l y  
symmetrica l  caused some concern as to how the response  may be 
a f f e c t e d ,  and a c c o r d i n g l y ,  i t  was dec ided  to  model the e n t i r e  
p l a t e  and s t r u c t u r e .
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The number and l o c a t i o n  o f  the  lumped masses was a r b i t r a r y  
but once s e l e c t e d  became f i x e d  and the d i s t r i b u t i o n  o f  the t o t a l  mass 
to  each o f  the  s e l e c t e d  lumped mass p o i n t s  was determined by the  
r u le  o f  p l e a s i n g  p r o p o r t i o n s .  This  r u le  o f  p l e a s i n g  p r o p o r t io n s  
i s  based on knowledge ob ta in ed  from numerous lumped parameter  
i n v e s t i g a t i o n s  o f  beam v i b r a t i o n s .  One i n v e s t i g a t i o n  (21) in d ic a t e d  
th a t  a beam which i s  proport ion ed  such th a t  o n e - h a l f  the t o t a l  mass 
i s  lumped at  the c e n t e r  and o n e -q u a r te r  at  each o f  the en ds ,  w i l l  
produce a n a l y t i c a l  r e s u l t s  which compare very fa v o r a b ly  w i th  the  
p r e d ic t e d  v a l u e s  fo r  the n a t u r a l  f r e q u e n c ie s  o f  the beam c o n s i d e r i n g  
the beam as a co n t in u o u s  s t r u c t u r e .  The c e n t r a l  area  o f  the  p l a t e  
i s  p a r t i t i o n e d  i n t o  t h i r t e e n  masses and a f o u r t e e n t h  mass i s  used  
to  r e p r e s e n t  the o u te r  edge o f  the p l a t e  and the f i x e d  frame.
(Figure  3 ) .  Each o f  th e  n in e  p a n e ls  (F igure  1) i s  proport ioned  
such th a t  h a l f  the mass o f  each panel  i s  lumped a t  the p a n e l ' s  
c e n t e r  and o n e - e i g h t h  o f  the mass lumped a t  each o f  the four o u ter  
edges  o f  each p a n e l .  The masses lumped a t  the c e n t e r  o f  each panel  
are the ones shown in  Figure 3 w i th  the a s s o c i a t e d  numbers: 1,  6 ,  7,
8,  9,  10,  11,  12,  13.  The lumped masses numbered 2 ,  3,  4 ,  and 5 in 
Figure 3 are comprised o f  the mass o f  the a d j o i n i n g  s t r i n g e r s  and 
the edge mass o f  the a d j o i n i n g  p a n e l s .  The edge mass o f  the pan e ls  
which are in  d i r e c t  c o n t a c t  w i th  the o u ter  frame are lumped w i th  the  
mass o f  the frame as the mass numbered 14 in Figure 3.
The i n f l u e n c e  c o e f f i c i e n t  m atr ix ,  which i s  the in v e r s e  
of the s t i f f n e s s  m a tr ix ,  for  the fo u r te e n  mass system i s  determined  
by two methods.  A n a l y t i c a l l y ,  the in f l u e n c e  c o e f f i c i e n t s  are
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determined  by u s in g  Weaver 's  s t r u c t u r a l  a n a l y s i s  programs named 
FR1 and FR3 ( 1 6 ) .  E x p e r im e n ta l ly ,  th e  i n f l u e n c e  c o e f f i c i e n t s  are  
determined by measuring d e f l e c t i o n s  o f  the lumped mass p o i n t s  w ith  
a d i a l  i n d i c a t o r  when load s  are  a p p l i e d  a t  the v a r i o u s  mass p o i n t s .  
Loads ranging  from f i v e  to  t h i r t y  pounds when req u ired  in  increments  
o f  f i v e  pounds were  a p p l i e d  a t  each  mass p o i n t ,  and d e f l e c t i o n s  at  
a l l  mass p o i n t s  were measured fo r  each o f  the  a p p l ie d  loads  (Table I l a )  
The v a lu e  o f  the  i n f l u e n c e  c o e f f i c i e n t s  are  then  determined by 
d i v i d i n g  the  measured v a lu e  o f  th e  d e f l e c t i o n s  in in c h e s  by the  
a p p l i e d  load in  pounds f o r c e .  An average  v a lu e  over a l l  the a p p l ied  
loads  i s  then c a l c u l a t e d  for  each lumped mass p o i n t .  For example,  
shown below in  Table I l a  are t y p i c a l  v a l u e s  o f  load and d e f l e c t i o n  
a t  the  c e n t e r  o f  the p l a t e .  These v a l u e s  are then used to  f i l l  the
TABLE I l a
Loads (Pounds) 5 10 15 20
D e f l e c t i o n s  ( I n c h e s ) .007 .018 .028 .038
14 x 14 m atr ix  o f  i n f l u e n c e  c o e f f i c i e n t s .  See Table I I .
In order  to  u t i l i z e  FR1 and FR3 in  d e term in ing  the a n a l y t i c a l  
c o e f f i c i e n t s ,  the p l a t e  i s  r e p r e s e n te d  by a dense  network o f  beams. 
These beams are r e p r e se n te d  in  Figure  3 by the symbol for  a s p r in g
The r e s u l t s  i n d i c a t e ,  as was e x p e c t e d ,  t h a t  the more dense  
the network o f  beams used to  r e p r e s e n t  the p l a t e ,  the b e t t e r  the  
c o r r e l a t i o n  between the a n a l y t i c a l  and the e x p e r i m e n t a l ly  measured 
v a l u e s  o f  the i n f l u e n c e  c o e f f i c i e n t s .  Table I I I  shows the a n a l y t i ­
c a l l y  determined i n f l u e n c e  c o e f f i c i e n t s  u s in g  the network o f  beams
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TABLE I
Root Mean Square Amplitudes o f  V ib r a t io n  ( I n c h e s )
Error
Mass Equation Equation Between Exp.
P o in t s (111-14) (111-12) Exper imental and (111 -12 )
1 .0340 .0175 .01418 23.2%
2 .0227 .0117 .00824 41.07,
3 .0255 .0131 .01097 19. 1%
4 .0250 .0129 .01059 21.7%
5 .0248 .0128 .00915 39. 1%
6 .0130 .0067 *
7 .0128 .0067 —
8 .0134 .0069 _
9 .0130 .0067 __
10 .0057 .0029 _
11 .0062 .0031 _
12 .0056 .0029 _
13 .0059 .0030 _
14 .0000 .0000 —
*Experimental  Data not a v a i l a b l e
TABLE I I
Experimental Influence Coefficients
- 3Value Shown xlO = A. ,
(Inches/Pound)
A. .
J=1 j=2 J=3 j=4 j=5 j=6 j=7 j=8 j=9 j=10 j = l l j=12 j -1 3 j = 14
i=l 1 .270 0 .6 6 0 0 .6 8 0 0 .7 3 0 0 .6 9 0 0 .3 2 0 0 .3 2 0 0 .3 2 0 0 .320 0.152 0 .140 0 .1 4 0 0.  145 0 .0 3 0
i=2 0 .6 6 0 0 .8 3 0 0 .4 6 0 0 .3 8 0 0 .300 0 .4 0 0 0 .3 6 0 0 .1 5 0 0 .1 3 0 0 .279 0 .110 0 .0 8 5 0 .069 0 .0 3 0
i=3 0 .6 8 0 0 .4 6 0 1 .020 0 .300 0 .3 8 0 0 .4 2 0 0 .1 9 0 0 .4 3 0 0 .1 3 5 0 .1 0 5 0 .3 1 0 0 .069 0.  100 0 .0 3 0
i=4 0 .730 0 .3 8 0 0 .3 0 0 1.000 0 .4 3 0 0 .1 6 0 0 .4 1 5 0 .1 5 0 0 .4 5 0 0 .1 0 5 0 .070 0 .2 9 5 0 .  1 0 0 0 .0 3 0
tl Ui 0 .6 9 0 0.300 0 .3 8 0 0 .4 3 0 0 .982 0 .1 6 0 0 .1 6 0 0 .4 3 0 0 .4 3 0 0 .0 7 0 0 .100 0 .100 0 .2 9 5 0 .0 3 0
i=6 0 .3 2 0 0 .400 0 .4 2 0 0 .1 6 0 0 .1 6 0 0 .6 8 0 0 .1 2 3 0 .123 0 .062 0 .145 0 .145 0 .045 0 .0 4 5 0 .0 3 0
i=7 0 .3 2 0 0 .3 6 0 0 .1 9 0 0 .4 1 5 0 .1 6 0 0 .1 2 3 0 .6 9 0 0 .062 0.117 0 .1 2 0 0 .050 0 .1 2 5 0 .0 4 5 0 .0 3 0
i=8 0 .3 2 0 0 .1 5 0 0 .4 3 0 0 .150 0 .4 3 0 0 .1 2 3 0 .062 0 .670 0 .123 0 .0 4 5 0 .1 3 5 0 .045 0 .1 3 5 0 .030
i=9 0 .320 0 .1 3 0 0 .1 3 5 0 .4 5 0 0 .4 3 0 0.062 0.117 0 .123 0 .6 0 5 0 .0 4 5 0 .0 4 5 0.  145 0 .  1 3 5 0 .0 3 0
i=10 0.152 0 .279 0 .1 0 5 0 .105 0 .070 0 .1 4 5 0 .1 2 0 0 .0 4 5 0 .0 4 5 0.  520 0 .0 5 5 0 . 0 4 4 0 . 0 3 5 0 .0 3 0
i = l l 0 .1 4 0 0 .1 1 0 0 .3 1 0 0 .0 7 0 0 .1 0 0 0 .1 4 5 0 .0 5 0 0 .1 3 5 0 .0 4 5 0 .0 5 5 0.473 0 . 0 3 5 0 . 0 5 0 0 .0 3 0
i=12 0 .1 4 0 0 .0 8 5 0 .069 0 .2 9 5 0 .1 0 0 0 .0 4 5 0 .1 2 5 0 .0 4 5 0 .1 4 5 0 .044 0 .035 0 .4 5 0 0 . 0 5 0 0 .0 3 0
II ►—* 0 .1 4 5 0 .069 0 .100 0 .100 0.286 0 .0 4 5 0 .0 4 5 0 .1 3 5 0 .1 3 5 0 .0 3 5 0 .050 0 . 0 5 0 O 4> 00 00 0 .0 3 0
i=14 0 .0 3 0 0 .030 0 .0 3 0 0 .0 3 0 0 .0 3 0 0 .0 3 0 0 .0 3 0 0 .0 3 0 0 .0 3 0 0 .0 3 0 0 .030 0 .030 0 . 0 3 0 0 .030
to
TABLE III
T h e o r e t i c a l  I n f l u e n c e  C o e f f i c i e n t s
-3




1J j =1 j =2 j =3 j=4 j = 5 j =6 j =7 j =8 j =9
orHii j =11 = 12 J = 13 J= 14
i = l 1. 550 0. 747 0. 747 0.747 0. 747 0. 379 0. 379 0. 379 0. 379 0 .113 0. 113 0. 113 0. 113 0. 030
i =2 0. 747 0. 978 0. 430 0 .430 0. 296 0. 396 0. 396 0. 170 0. 170 0.227 0. 07 5 0. 0 7 5 0. 0 5 5 0. 030
i=3 0. 747 0. 430 0. 978 0 .296 0. 430 0. 396 0. 170 0. 396 0. 170 0 .0 7 5 0. 227 0. 0 5 5 0. 0 7  5 0. 030
i=4 0. 747 0. 430 0. 296 0 .9 7 8 0. 430 0. 170 0. 396 0. 170 0. 396 0 .0 7 5 0. 0 5 5 0. 0 5 0 0. 0 7  5 0. 030
i=5 0. 747 0. 296 0. 430 0 .430 0. 978 0. 170 0. 170 0. 396 0. 396 0 .0 5 5 0. 075 0. 075 0. 2 2 7 0. 030
i=6 0. 379 0. 396 0. 396 0 .170 0. 170 0. 644 0. 130 0. 130 0. 089 0 .088 0. 088 0. 043 0. 043 0. 030
i=7 0. 379 0. 396 0. 170 0.396 0. 170 0. 130 0. 644 0. 087 0. 130 0 .088 0. 043 0. 0 8 0 0. O': 3 0. 030
i=8 0. 37 9 0. 170 0. 396 0 .170 0. 396 0. 130 0. 087 0. 644 0. 149 0 .043 0. 088 0. 043 0. 0 8 - 0. 030
i=9 0. 379 0. 170 0. 170 0 .396 0. 396 0. 087 0. 130 0. 149 0. 644 0 .043 0. 043 0. 0 8 8 0. 0 8 8 0. 030
i=10 0. 113 0. 227 0. 07 5 0 .075 0. 055 0. 088 0. 088 0. 043 0. 043 0 .442 0. 034 0. 034 0. 032 0. 030
i = l 1 0. 113 0. 075 0. 227 0 .055 0. 07 5 0. 088 0. 043 0. 088 0. 043 0 .034 0. 442 0. 032 0. 034 0. 030
CMii 0. 113 0. 07 5 0. 055 0.227 0. 075 0. 043 0. 088 0. 043 0. 088 0 .034 0. 032 0 442 0. 034 0. 030
i = 13 0. 113 0. 055 0. 075 0 .075 0. 227 0. 043 0. 043 0. 088 0. 088 0.032 0. 034 0 0 3 4 0. 4 42 0. 030
i=14 0. 030 0. 030 0. 030 0 .030 0. 030 0. 030 0. 030 0. 030 0. 030 0 .030 0. 030 0. 030 0. 030 0. 030
u>K>
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shown in  Figure  3 .  This  network o f  beams r e p r e s e n t s  the most dense  
network o f  beams as a p p l i e d  t o  the s o l u t i o n  o f  t h i s  problem, and 
Table I I I  r e p r e s e n t s  the b e s t  a n a l y t i c a l  approxim at ion  t o  the e x p e r i ­
mental  d ata  in  Table I I .  The e f f e c t  on the n a t u r a l  f r e q u e n c ie s  o f  
the system i s  the most important f a c t o r  to  be c o n s id e r e d  when a n a ly z i n g  
the  d i f f e r e n c e  between the  two s e t s  o f  i n f l u e n c e  c o e f f i c i e n t s  in  
Table I I  and Table I I I .  A comparison o f  the  n a t u r a l  f r e q u e n c ie s  of  
the  system when c a l c u l a t e d  by u s in g  the  e x p er im en ta l  and the a n a l y ­
t i c a l  v a l u e s  o f  the  i n f l u e n c e  c o e f f i c i e n t s  i s  shown in  Table IV. The 
f i n a l  r e s u l t s  p r e s e n te d  in  t h i s  i n v e s t i g a t i o n  are the r e s u l t s  d e t e r ­
mined by u t i l i z i n g  the e x p e r i m e n t a l l y  measured v a l u e s  o f  the i n f l u e n c e  
c o e f f i c i e n t s .
As mentioned in  Chapter I I I ,  the damping a s s o c i a t e d  w ith  
t h i s  system i s  assumed to  be an in h e r e n t  p rop erty  o f  the  s p r in g  
m a t e r i a l ,  aluminum. In t h i s  i n v e s t i g a t i o n ,  the t o t a l  damping o f  
the system  was measured i n d i r e c t l y  from forced  v i b r a t i o n  t r a c e s  
and assumed to  conform to  the  r e s t r i c t i o n s  imposed upon the system  
in  Chapter I I I ,  p a r t i c u l a r l y  modal damping.  This assumption proved  
to  be v a l i d  fo r  the p a r t i c u l a r  system b e in g  modeled because  o f  
the r e l a t i v e l y  low v a l u e s  which were measured fo r  the damping r a t i o s  
(F igure  2 1 ) .  Authors Lin (11)  and S e i r e g  (13)  g iv e  0 . 0 4  as a 
s u f f i c i e n t l y  low v a lu e  for  the damping r a t i o  in  order  th a t  t h i s  
assumption be v a l i d .  S ince  a l l  measured v a lu e s  o f  the damping 
r a t i o s  in  the frequency range of  i n t e r e s t  are below the 0 . 0 4  v a lu e ,  
(F igure  2 1 ) ,  the assumption i s  s u b s t a n t i a t e d .
The damping r a t i o s  were determined from the t y p i c a l
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TABLE IV
NATURAL FREQUENCIES(H Z ) DETERMINED BY USING 
































ex p e r im e n ta l  re s p o n se  cu rves  shown in  F ig u r e s  17,  18,  and 19.
A c t u a l l y  n i n e t e e n  cu rves  were u t i l i z e d  in  the  i n v e s t i g a t i o n .  The 
damping r a t i o s  were c a l c u l a t e d  a t  each n a t u r a l  frequency fo r  each  
l o c a t i o n  on th e  p l a t e .  The curves  showing the  r e s u l t s  o f  t h e s e  
c a l c u l a t i o n s ,  F igure  21 ,  i n d i c a t e  t h a t  the damping r a t i o  i s  a 
f u n c t io n  o f  frequency  and not  a s t r o n g  f u n c t i o n  o f  l o c a t i o n  on 
the p l a t e  as  noted  by th e  r e l a t i v e l y  c l o s e  grouping o f  the  data  
p o i n t s  a t  each freq u en cy .  The p a r t i c u l a r  v a l u e s  for  th e  damping 
r a t i o s  (Z) a t  each frequency are  determined by the  f u n c t i o n a l  
r e l a t i o n s h i p ,
Z = A f  
2 f
where f  i s  the  damped n a t u r a l  frequency  or the v a lu e  o f  the frequency  
a s s o c i a t e d  w i t h  each major peak in  the  power s p e c t r a l  d e n s i t y  p l o t s .
A f  i s  d e f in e d  as  the  h a l f  power bandwidth or as the  frequency range  
spanned by the  re s p o n se  curve a t  the p o i n t  on the curve which has  
h a l f  the  power as does  the  peak v a lu e  a t  the damped n a t u r a l  frequency  
( 1 2 ) ,  ( 1 7 ) .
The p a r t i c u l a r  shape o f  the e x c i t a t i o n  power s p e c t r a l  
d e n s i t y  w i th  regard to  the l o c a t i o n  in  the frequency  spectrum o f  
the n a t u r a l  f r e q u e n c i e s  o f  the  system  w i l l  determine which e q u a t io n ,  
(1 1 1 -1 2 )  or ( 1 1 1 - 1 4 ) ,  should  be used t o  c a l c u l a t e  the r o o t  mean 
square resp on se  o f  the system  ( 1 1 ) .  I f  the e x c i t a t i o n  power spectra l ,  
d e n s i t y  i s  c o n s t a n t  over the  range o f  f r e q u e n c ie s  spanned by the  
n a tu r a l  f r e q u e n c i e s  o f  the  sy s te m ,  Equation ( I I I - 14) can be used;  
i f  the e x c i t a t i o n  power s p e c t r a l  d e n s i t y  i s  a ny th in g  o th e r  than 
a c o n s ta n t  over  the frequency  range o f  i n t e r e s t ,  Equation ( I I I - 12)
F I G U R E  H.
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should  be used t o  o b t a in  b e s t  r e s u l t s .  For comparison p u r p o s e s ,  the  
e x c i t a t i o n  shown in  Figure  2 i s  used as the input  for  both Equations  
(1 1 1 -1 2 )  and ( 1 1 1 - 1 4 ) .  The r e s u l t i n g  r o o t  mean square d i s p la c e m e n ts  
are shown in  Table I ,  a lon g  w i t h  the  co rr espo n d in g  v a l u e s  measured  
e x p e r i m e n t a l l y .  In the co u rse  o f  e v a l u a t i n g  Equation  ( I I I - 12) the  
n e c e s s a r y  d ata  fo r  p l o t t i n g  the a n a l y t i c a l  power s p e c t r a l  d e n s i t y  
was c a l c u l a t e d  as d e s c r ib e d  in  th e  computer s o l u t i o n  o f  the  problem  
and e v e n t u a l l y  p l o t t e d  as shown in  F ig u r e s  4 through 16.
A Computer S o l u t i o n  o f  the Problem
In t h i s  s e c t i o n ,  the  computer program which was deve loped  
to  perform the  c a l c u l a t i o n s  n e c e s s a r y  fo r  e v a l u a t i n g  Equat ions  ( I I I - 12) 
and (1 1 1 -1 4 )  w i l l  be d i s c u s s e d .  This program i s  l i s t e d  in  Appendix B. 
The n e c e s s a r y  in p u ts  t o  t h i s  program are:  (1 )  the  mass m a tr ix ,
(2)  the i n f l u e n c e  c o e f f i c i e n t  m a t r ix ,  (3)  the  modal damping r a t i o  
m a tr ix ,  (4)  th e  power s p e c t r a l  d e n s i t y  o f  the  e x c i t a t i o n  and (5)  the  
o p e r a t i o n a l  parameters  (F igu r e  2 2 ) .  With t h e s e  i n p u t s ,  the computer 
w i l l  c a l c u l a t e  the  s t i f f n e s s  m a t r ix ,  th e  n a t u r a l  f r e q u e n c i e s  o f  the  
s t r u c t u r e ,  the  mode shapes  o f  v i b r a t i o n ,  the  modal p a r t i c i p a t i o n  
f a c t o r s ,  the power s p e c t r a l  d e n s i t y  o f  the r e s p o n s e ,  and the root  
mean square d i s p la c e m e n ts  o f  the sy s te m .  The program i s  a l s o  capable  
of  g e n e r a t i n g  the n e c e s s a r y  data  fo r  p l o t t i n g  the power s p e c t r a l  
d e n s i t y  o f  both the e x c i t a t i o n  and the r e s p o n s e .
Before  the p r o g r e s s i o n  o f  c a l c u l a t i o n s  performed by the  
computer program and the methods employed to  perform t h e s e  c a l c u a l t i o n s  
are d i s c u s s e d  in d e t a i l ,  a very  b a s i c  breakdown o f  the program i s
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g i v e n .  The b a s i c  format on which the  program i s  s t r u c t u r e d  can be 
s e e n  from t h e s e  major s t e p s :  (1) the in p u t  o f  the a p p r o p r ia t e  d a ta ,
(2)  the  c a l c u l a t i o n  o f  n e c e s s a r y  p aram eters ,  (3)  s u b s t i t u t i o n  o f  the  
n e c e s s a r y  parameters i n t o  Equations  (111 -12 )  and ( 1 1 1 - 1 4 ) ,  and 
(4 )  p r i n t i n g  the d e s i r e d  r e s u l t s .  These four  d i v i s i o n s  are i n d i c a t e d  
i n  Figure 21 by the corr esp on d in g  Roman numerals .  S tep s  in  the f low  
diagram which are l o c a te d  between the h o r i z o n t a l  dash l i n e s  are  the  
ones  a s s o c i a t e d  w i th  each o f  the four  major s t e p s  numbered between  
t h e s e  l i n e s .
The f i r s t  major d i v i s i o n  o f  the program i s  devoted  to  
read in g  the a p p ro p r ia te  da ta  n e c e s s a r y  fo r  c a l c u l a t i n g  the parameters  
o f  the problem. The f lo w  diagram (F igure  22) l i s t s  the p a r t i c u l a r  
i tems which are read i n t o  the computer program. The p a r t i c u l a r  order  
and format f o r  in p u t in g  the d ata  i s  shown in  the program l i s t i n g  in  
Appendix C. The f i r s t  s e t  o f  s i x  'A' format read s ta t e m e n t s  are  
the common t i t l e s  which w i l l  be p r i n t e d  on the power s p e c t r a l  d e n s i t y  
p l o t s .  P a r t i c u l a r  t i t l e s  w i l l  be read in  the  same D0 Loops performing  
the p a r t i c u l a r  c a l c u l a t i o n s .  The n e x t  read s ta t e m e n t  i d e n t i f i e s  the  
number o f  data  s e t s  (K) and the a c t u a l  d im ension s i z e  o f  the i n f l u e n c e  
c o e f f i c i e n t  m atr ix  (NA). The number o f  d egree s  o f  freedom (N) i s  read 
in  n e x t .  The mass (AMASS), a rea  o f  e x c i t a t i o n  f o r  each mass (FA),  the  
damping r a t i o  ( Z ) , the c o n s t a n t  v a lu e  o f  the e x c i t a t i o n  power s p e c t r a l  
d e n s i t y  (W) , the v a r i a b l e  v a lu e s  o f  the e x c i t a t i o n  power s p e c t r a l  
d e n s i t y  (WI), and the i n f l u e n c e  c o e f f i c i e n t s  (A) are inputed in t h i s  
same order .  The mass,  b e in g  read i n ,  in u n i t s  o f  pounds f o r c e ,  i s  
co n v er te d  to  the proper in ch-pou nd -second s  system  o f  u n i t s  by d i v i d i n g  
i t  by 3 8 6 . 4 .  The v a lu e s  of  WI are a l s o  con verted  back to  t h e i r
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a c t u a l  v a lu e s  by m u l t i p l y i n g  by 10 . I f  the  e x c i t a t i o n  power s p e c t r a l
d e n s i t y  i s  not a c o n s t a n t ,  one in p uts  a zero  for  W in  the data  deck .
I f  the  e x c i t a t i o n  power s p e c t r a l  d e n s i t y  i s  a c o n s t a n t ,  one in p u ts  
a minus one fo r  WI in  the data deck .
The second major d i v i s i o n  in  the program b eg in s  by c a l l i n g  
s u b r o u t in e  DECOMP. This s u b r o u t in e  decomposes the i n f l u e n c e  c o e f f i ­
c i e n t  m atr ix  i n t o  an upper t r i - d i a g o n a l  m atr ix  arid t e s t s  the matr ix  
t o  determine i f  i t  i s  a r e a l  symmetric m atr ix  ( 1 8 ) .  I f  i t  i s  not a 
r e a l  symmetric m a tr ix ,  the  n ext  s t e p  cannot be performed and the  
program i s  s e n t  to  s t o p .  I f  i t  i s  a r e a l  symmetric m a tr ix ,  the  
program then  c a l l s  s u b r o u t in e  INVERT, which i n v e r t s  the i n f l u e n c e  
c o e f f i c i e n t  m atr ix  and produces  the s t i f f n e s s  m a t r ix .  The s t i f f ­
n es s  m atr ix  (A) i s  then  transformed by the i n v e r s e  o f  the mass 
m atr ix  in  such a fa s h i o n  th a t  the  r e s u l t i n g  m atr ix  (A) i s  s t i l l  
s y m m etr ica l .  This m atr ix  i s  now in  the proper  form for  s u b s t i t u t i o n  
i n t o  su b r o u t in e  JACOB. This  s u b r o u t in e  c a l c u l a t e s  the e i g e n v a l u e s  
and e i g e n v e c t o r s  o f  the system by u s in g  the J a c o b i  Method for  r e a l  
symmetric m a t r i c e s  ( 2 0 ) .  The r e s u l t i n g  e i g e n v a l u e s  are converted  
i n t o  u n i t s  o f  h e r tz  and the e i g e n v e c t o r s  are transformed back i n t o  
the r e a l  system by m u l t i p l y i n g  them by the i n v e r s e  square roo t  o f  
the mass m a t r ix .  The t o t a l  area  over which the  e x c i t a t i o n  i s  a p p l i e d  
and the g e n e r a l i z e d  area are c a l c u l a t e d .  The mass matr ix  and the  
e i g e n v e c t o r s  are ther  used to  c a l c u l a t e  the modal p a r t i c i p a t i o n  
f a c t o r s  as d e s c r ib e d  in  Chapter I I I  by Equation ( I I I - l l ) .  At t h i s  
p o i n t ,  the d i s p la c e m e n ts  o f  the p l a t e  are r e f e r e n c e d  t o  the f ix e d  
frame ( f o u r t e e n t h  mass) by s u b t r a c t i n g  the e i g e n v e c t o r  component
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a s s o c i a t e d  w i t h  th e  f o u r te e n th  mass in  a l l  the  modes o f  v i b r a t i o n ,  
[ v ( 1 4 , J ) ] ,  from the o th er  e i g e n v e c t o r  components.
I t  can be s e e n  by Figure 2 t h a t  the  e x c i t a t i o n  power 
s p e c t r a l  d e n s i t y  i s  not a c o n s ta n t  in  the  p a r t i c u l a r  case  be ing  
i n v e s t i g a t e d ,  but e v a l u a t i o n  o f  Equat ion ( I I I - 14) was performed  
fo r  comparison purposes  by approxim ating th e  curve  in  F igure  2 w i th  
an average  v a l u e .  Subroutine GRAND i s  c a l l e d  to  i n t e g r a t e  the  
curve in  F igure  2 from s i x  to  f i v e  hundred h e r t z .  The average  
v a lu e  o f  the curve i s  then ob ta in ed  by d i v i d i n g  the  i n t e g r a t e d  
v a lu e  by four hundred and n in e t y  f i v e ,  which i s  th e  t o t a l  frequency  
range .
The t h i r d  major d i v i s i o n  o f  the  program, the e v a l u a t i o n  
o f  Equations  (1 1 1 -1 2 )  and (1 1 1 -1 4 ) ,  i s  i n i t i a t e d  by t e s t i n g  the  
v a lu e  o f  W. I f  W i s  eq u a l  t o  z e r o ,  W i s  s e t  equal to  EXIC which  
i s  the average  v a lu e  c a l c u l a t e d  by s u b r o u t in e  GRAND. At t h i s  
p o i n t ,  the o t h e r  q u a n t i t i e s  n e c e s s a r y  f o r  s u b s t i t u t i o n  i n t o  Equation  
(1 1 1 -1 4 )  have a lr e a d y  been s to r e d  in  the computer,  and d e te r m in a t io n  
o f  the  r o o t  mean square d i s p la c e m e n ts  (x)  i s  mere ly  a m atter  o f  p e r ­
forming the  r e q u ir ed  mathemat ica l  o p e r a t i o n s .  The f a c t o r  2 n  i s  used
to  co n v er t  the frequency u n i t s  from h e r t z  t o  r ad ian s  per  s eco n d .  The 
c o n s t a n t  165 .5  determined by c a l i b r a t i o n  procedures  d i s c u s s e d  in  
Chapter V, e f f e c t i v e l y  con ver t s  the e x c i t a t i o n  from v o l t s  t o  pounds 
f o r c e .  The output  (x)  i s  now p r i n t e d  as the  resp on se  d i sp la cem e n t  
o f  each lumped mass in  i n c h e s .
A t e s t  i s  performed on WI to  determine i f  the  e v a l u a t i o n
o f  Equation (1 1 1 -1 2 )  i s  n e c e s s a r y  in  t h i s  c a s e .  I f  t h i s  e v a l u a t i o n
i s  not n e c e s s a r y ,  (WI = - 1 )  c o n t r o l  i s  s h i f t e d  t o  the next  t e s t ,
(L = K ) , which d e term ines  whether  or not any more c a s e s  are to  be 
c a l c u l a t e d .  I f  no more c a s e s  are  t o  be e v a l u a t e d  the program s t o p s  
I f  more c a s e s  are to  be e v a l u a t e d ,  the  c o n t r o l  i s  s e n t  t o  the beg in  
n in g  o f  the  program, and the  c y c l e  i s  s t a r t e d  aga in  by read ing  new 
data  fo r  th e  next  c a s e .  I f  WI i s  not  equal  t o  a minus one ,  the  
sequence  o f  c a l c u l a t i o n s  c o n t i n u e s .  The power s p e c t r a l  d e n s i t y  
o f  the  re sp on se  i s  c a l c u l a t e d  u s in g  Equation ( I I I - 9 ) ,  or e q u i ­
v a l e n t l y  the  in tegrand  o f  Equat ion ( 1 1 1 - 1 2 ) .  The c a l c u l a t i o n  i s  
performed in  increments  o f  one h e r t z  over  the frequency  range  
o f  s i x  to  f i v e  hundred h e r t z .  The respon se  power s p e c t r a l  d e n s i t y  
(WO) i s  m u l t i p l i e d  by the  same c o n v e r s io n  f a c t o r s  (2n and 165 .5 )  
as a p p l i e d  in the d is p la cem e n t  c a l c u l a t i o n s  o f  Equation ( I I I - 14 ) .  
The r e s u l t i n g  power s p e c t r a l  d e n s i t y  o f  the resp on se  i s  now in  
terms o f  pounds f o r c e  squared per h e r t z .
The fou rth  major d i v i s i o n  o f  the  program i s  begun by 
p r i n t i n g  the re sp on se  power s p e c t r a l  d e n s i t y  (WO). Subroutine  
GRAND, which u t i l i z e s  a S impson's  r u l e  i n t e g r a t i o n  t e c h n iq u e ,  i s  
c a l l e d  to  i n t e g r a t e  WO over i t s  range o f  f r e q u e n c ie s  to  produce  
the mean square v a lu e s  o f  the d i s p l a c e m e n t s .  The square r o o t s  
of  t h e s e  v a l u e s  produce the roo t  mean square v a lu e s  o f  the d i s ­
p lacements  (XI) in  in c h e s ;  XI i s  then  p r i n t e d .  The p a r t i c u l a r  
t i t l e s  for  each data s e t  are read in as 'A '  format d a t a .  The sub­
r o u t in e  WEBAL i s  c a l l e d  tw ice  to  p l o t  the n e c e s s a r y  power s p e c t r a l  
d e n s i t y  c u r v e s .  The f i r s t  t ime WEBAL i s  c a l l e d ,  the power s p e c t r a l  
d e n s i t y  o f  the response  a t  each lumped mass p o in t  (WO) i s  p l o t t e d  
(F ig u r es  4 through 1 6 ) .  The second time WEBAL i s  c a l l e d ,  i t  p l o t s
th e  power s p e c t r a l  d e n s i t y  o f  the  e x c i t a t i o n  (WI). See F igure  2.  
The number o f  case-s - is  t e s t e d  (L = K) . I f  more c a s e s  are t o  be 
c a l c u l a t e d  th e  program r e tu r n s  t o  the  a p p r o p r ia te  read s ta tem en t  
and the  c y c l e  o f  c a l c u l a t i o n s  i s  a g a in  performed. I f  a l l  the  
c a s e s  have been completed the program s t o p s .
CHAPTER V
EXPERIMENTAL TEST
The o b j e c t  o f  the ex p e r im e n ta l  t e s t  i s  t o  determine  the
r o o t  mean square v a l u e s  o f  the d i s p la c e m e n t s  and the respon se  power
s p e c t r a l  d e n s i t y  o f  the p l a t e  shown i n  Figure  1 s u b j e c t e d  t o  the  
random a c o u s t i c a l  p r e s s u r e  shown i n  F ig u r e  2 .  The ex p e r im e n ta l  t e s t s  
were performed a t  the  M i s s i s s i p p i  T es t  F a c i l i t y  and f i n a n c i a l l y  
supported  by NASA through the D i v i s i o n  o f  E n g in eer in g  Research at  
L o u is ia n a  S t a t e  U n i v e r s i t y .
The p a r t i c u l a r  shape o f  t h i s  p l a t e  was chosen  because  i t s
shape i s  a s im p le  geom etr ic  form and g e n e r a l l y  found in a rea s  where
the  a c o u s t i c a l  n o i s e  may be a t  a s u f f i c i e n t l y  h igh  l e v e l  as to  cause  
damage to  the  surrounding  s t r u c t u r e s .  As noted  in  Chapter I I ,  o th er  
i n v e s t i g a t i o n s  i n  t h i s  area were made on the assumption t h a t  the  
s t r i n g e r s  were  s u f f i c i e n t l y  s t i f f  in  a t  l e a s t  one d i r e c t i o n  as to  
g iv e  the  a d j o i n i n g  edge o f  the p a n e l s  a f i x e d  boundary c o n d i t i o n  in  
th a t  d i r e c t i o n .  See Lin (26)  and McDaniel  and Donaldson ( 2 7 ) .  This  
p a r t i c u l a r  p l a t e  has no such r e s t r i c t i o n s  and d i f f e r s  from o th e r  
p l a t e s  s u b j e c t e d  to  a random e x c i t a t i o n  in  t h a t  i t  r e s i s t s  a n a l y s i s  
by th e  method o f  t r a n s f e r  m a t r i c e s  ( 2 6 ) ,  ( 2 7 ) .  The on ly  f i x e d  
c o n d i t i o n  imposed on t h i s  p l a t e  are  the  f i x e d  o u ter  e d g e s .
The p l a t e  i s  c o n s t r u c t e d  o f  s h e e t  aluminum a l l o y
7 26061-T6 w i th  a modulus o f  e l a s t i c i t y  o f  10 ( l b f / i n  ) and a shear
6 2modulus of  4 x 10 ( l b ^ / i n  ) .  These p r o p e r t i e s  are taken from
standard  handbook v a lu e s  for t h i s  aluminum. The maximum t h i c k n e s s
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o f  the  p l a t e  i s  .25  inch a t  the  boundaries  and s t r i n g e r s .  The panel  
t h i c k n e s s  i s  .125  in c h .  The p l a t e  was c o n s tr u c te d  from a s o l i d  
s h e e t  o f  aluminum w ith  the  p an e l  a rea s  formed by m i l l i n g  away the  
unwanted m e t a l .  The rad iu s  of  cu rvatu re  a t  the  corn ers  where the  
p a n e l s  and the  s t r i n g e r s  i n t e r s e c t  i s  no la r g e r  than 3 /1 6  o f  an in ch ,  
and the s u r f a c e  f i n i s h  i s  s p e c i f i e d  as a s tandard 63 smooth.  A l l  
t o l e r a n c e s  were he ld  to  "t 1 /64  o f  an in c h .  The p l a t e  i s  shown in  
the  foreground o f  Figure  23 f i x e d  on a l l  four edges  by a 4 x 1/4  
a n g le  i r o n  frame which i s  b o l t e d  to  the  edge o f  the p l a t e  by 36 h a l f  
inch  b o l t s .  The top and bottom frames are a l s o  j o in e d  by two 1/2  
inch t h i c k  p l a t e s  which were a t ta c h e d  on o p p o s i t e  edges  o f  the p l a t e  
and used to  support  the e n t i r e  system o f  frame and p l a t e  during  the  
e x p e r im e n ta l  t e s t .
The p l a t e  was p lace d  in  i t s  clamped c o n f i g u r a t i o n  b e fo r e  
the  s t r a i n  gages  were a t t a c h e d .  B i a x i a l  and r o s e t t e  type s t r a i n  gages  
were mounted on the s u r fa c e  o f  the p l a t e  p r im a r i ly  around the  c e n t r a l l y  
l o c a te d  p a n e l .  Two s t r a i n  gages  were a l s o  mounted on the frame.
F igure  26 shows the  l o c a t i o n  and a l ignm ent  o f  the s t r a i n  g a g e s .  The 
s t r a i n  gages  were c a l i b r a t e d  in  the  la b o r a to r y  w i th  the use o f  the  
equipment shown in  Figure 23.  The dynamic part  o f  the c a l i b r a t i o n  
procedure  was performed in  the Mobile In s tru m en ta t io n  U ni t ;  t h i s  
t r a i l e r  i s  shown in Figure 24 .  The equipment i n s i d e  the Mobile  
In s tr u m e n ta t io n  Unit  i s  shown in Figure 2 5. The la b o ra to ry  c a l i b r a t i o n  
was performed by a t t a c h i n g  w e ig h t s  to  the p a r t i c u l a r  p o i n t s  d e s ig n a te d  
as lumped mass p o i n t s  on the p l a t e  and measuring the s t r a i n s  and 
d e f l e c t i o n s  a t  a l l  p o i n t s  o f  i n t e r e s t .  See Table VI for r e s u l t s  o f
FIGURE 2 3 :  LABORATORY CALIBRATION EQUIPMENT
AND TEST PLATE O'
FIGURE 2 b  t EXCITATION E qUIPKENT
Ln
FIGURE 25: RECORDING EQUIPMENT
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FIGURE 26: Location and D irection  of
Strain  Gages on the Frame and 
on the Center Panel of the P late
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th e  s t r a i n  measurements and Table I I  for  r e s u l t s  o f  d e f l e c t i o n  
measurements.  I t  i s  noted  th a t  s t r a i n  gages  are  not  l o c a t e d  at  
a l l  f o u r t e e n  p o i n t s  d e s i g n a t e d  as  lumped mass p o i n t s  in  the a n a l y s i s .  
This  caused some concern  u n t i l  c a l i b r a t i o n  was completed on the f i v e  
p o i n t s  shown in  Table  I  which c o i n c id e d  both  e x p e r i m e n t a l l y  and 
a n a l y t i c a l l y .  The f i v e  c a l i b r a t e d  p o i n t s  produced the same c o n v e r ­
s i o n  c o n s t a n t s  and gave credance  to  the assumption th a t  t h e s e  
c o n v e r s io n  c o n s t a n t s  were  uniform fo r  a l l  p o i n t s  on the p l a t e  as  
shown in  the  c a l i b r a t i o n  c a l c u l a t i o n s  which f o l l o w .
Two c o n v e r s i o n  c o n s t a n t s  are  n e c e s s a r y ;  one t o  convert  
th e  v o l t s  r e p r e s e n t i n g  the  e x c i t a t i o n  power t o  pounds f o r c e ,  and 
a second f a c t o r  to  co n v er t  the root  mean square v o l t s  t o  d isp lacem ent  
in  i n c h e s .
The c o n v e r s io n  o f  v o l t s  to  pounds f o r c e  i s  accompli shed  
through the s e t  o f  l i n e a r  e q u a t i o n s ,
AR = AAV, e = BAR, and L = Ce,  where ,
AR = Change in  r e s i s t a n c e  (ohms)
AV = Change in  v o l t a g e
e = S t r a i n  in  i n c h e s / i n c h  ( V - l )
A, B, and C are  c o n s t a n t s  to  be determined through c a l i b r a t i o n  pro­
c e d u r e s .  The d e s i r e d  r e l a t i o n s h i p  i s  determined by combining the  
above e q u a t io n s  to  produce L = ABCAV, where L i s  the load in pounds  
fo r c e  and AV i s  the change in v o l t a g e  in v o l t s .
The c a l i b r a t i o n  c o n s ta n t  A i s  determined by p l a c i n g  50 ,000  
and 2 2 0 ,0 0 0  ohm c a l i b r a t i o n  r e s i s t o r s  (Rp) in p a r a l l e l  w i th  the  
120 ohm (R(j) s t r a i n  g a g e s .  The AR i s  c a l c u l a t e d  from the e q u a t io n  ( 3 6 ) ,
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TABLE V
Change i n  V o l ta g e  ( V) fo r  Each C a l i b r a t i o n  
R e s i s t o r  a t  a l l  S t r a i n  Gage L o ca t io n s
S t r a in
Gage I n i t i a l  F in a l  120 .8  Ohms in
Number_________ D. C. V o l tage_________ D. C. V o l ta g e__________ P a r a l l e l  w i th
1 - . 0 4 7 r1 .000 5 0 ,0 0 0  Ohms
- . 0 2 0 + 1 .0 3 0 it ti
- . 0 1 3 + 1 .0 3 7 11 ti
- . 0 3 6 + 0 .2 0 5 0 220 ,000  Ohms
1 - . 0 2 0 + 0 .1987 tt tl
- . 0 5 0 + 0 .1 9 0 If If
- . 0 5 7 + 0 .1 8 7 II II
- . 0 5 4 + 0 .1 9 0 II II
2 - . 0 6 5 + 0 .9 9 7 5 0 ,0 0 0  Ohms
- . 0 6 6 + 0 .9 9 6 If II
- . 0 6 8 + 0 .9 9 5 II II
- . 0 7 0 + 0 .9 9 3 II If
- . 0 7 4 + 0 .9 8 8 II II
- . 0 7 2 + 0 .9 8 9 II II
2 - . 0 6 5 + 0 .1 7 5 2 20 ,000  Ohms
- . 0 6 3 + 0 .1 7 8 it it
- . 0 6 3 + 0 .1 7 8 ii ii
- . 0 6 6 + 0 .1 7 5 ti it
3 - . 2 5 4 + 0 .6 9 8 5 0 ,000  Ohms
- . 2 4 0 + 0 .7 4 1 it it
- . 4 3 + 0 .6 2 ii ii
- . 4 1 + 0 .6 3 ii ii
- . 4 0 + 0 .6 5 ii ii
3 - . 3 6 - 0 . 1 3 220 ,000  Ohms
- . 3 4 - 0 . 1 0 0 ii it
- . 3 3 - 0 . 0 9 9 ii m
- . 1 2 1 + 0 .1 1 8 ii ii
- . 1 2 1 + 0 .9 3 3 5 0 ,0 0 0  Ohms
4 + .120 + 1 .162 50 ,000  Ohms
4- . I l l + 1 .1 6 0 ii ii
+ .10+ + 1 .1 4 8 If If
4 + .090 + 0 .3 1 3 2 20 ,000  Ohms
+ .070 + 0 .2 9 8 II II
+ .077 + 0 .3 0 1 If II
+ .072 + 0 .3 0 6 If II
5 + .010 +0.251 220 ,000  Ohms
+ .009 + 0 .2  50 II If
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TABLE V (Continued)
S t r a in
Gage I n i t i a l  F i n a l  1 2 0 .8  Ohms in
Number__________ D. C. V o l ta g e ________D. C. V o l ta g e__________ P a r a l l e l  w i th
5 + .009 + 1 .0 6 7 5 0 ,0 0 0  Ohms
+ .010 + 1 .0 6 9 t l  f t
6 + .064 + 1 .1 4 5 5 0 ,0 0 0  Ohms
+ .068 + 1 .1 5 0 t l  11
+ .068 + 0 .3 1 4 2 2 0 ,0 0 0  Ohms
+ .070 + 0 .3 1 9 t f  f t
7 + .156 + 0 .4 0 0 2 2 0 ,0 0 0  Ohms
+ .153 + 0 .3 9 8 t l  I t
+ .152 + 1 .2 2 0 I I  I I
+ .147 + 1 .2 1 8 t l  I f
8 .000 + 1 .0 5 0 5 0 ,000  Ohms
.000 + 1 .0 6 0 I I  f t
.000 + 0 .2 2 7 2 2 0 ,0 0 0  Ohms
- . 0 1 6 + 0 .2 2 5 i t  t i
- . 0 1 8 + 0 .2 2 2 t i  i i
9 .000 + 0 .2 2 7 2 2 0 ,0 0 0  Ohms
- . 0 0 8 + 0 .2 6 4 f  1 t l
- . 0 0 3 + 0 .2 6 0 I I  f t
.000 + 1 .0 7 0 5 0 ,0 0 0  Ohms
+ .029 + 1 .0 7 5 I f  I I
+ .050 + 1 .0 9 5 I I  I I
+ .065 + 1 .1 0 8 I I  I I
10 .030 + 1 .0 3 6 50 ,0 0 0  Ohms
+ .002 + 1 .0 4 0 i t  i t
+ .008 + 1 .0 7 2 m  i t
+ .015 + 1 .0 7 7 i t  i t
+ .035 + 1 .1 0 0 i t  n
+ .035 + 0 .2 8 4 2 2 0 ,0 0 0  Ohms
+ .040 + 0 .2 8 4 11 I I
+ .037 + 0 .2 8 3 I I  I I
11 + .368 + 0 .5 6 4 2 2 0 ,0 0 0  Ohms
+ .365 + 0 .5 6 7 i t  i i
+ .367 + 0 .5 7 0 i i  i t
+ .370 + 1 .2 6 0 5 0 ,0 0 0  Ohms
+ .378 + 1 .2 7 0 i t  i i
12 + .125 + 1 .1 6 5 5 0 ,0 0 0  Ohms
+ .126 + 1 .1 6 8 i i  i i
+ .126 + 0 .3 6 0 2 2 0 ,0 0 0  Ohms
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TABLE V (Continued)
S t r a i n
Gage I n i t i a l  F i n a l  1 2 0 .8  Ohms in
Number__________ D. C. V o ltage________ D. C. V o l ta g e_________ P a r a l l e l  w i th
12 + .130 + 0 .3 6 3 2 2 0 ,0 0 0  Ohms
13 + .025 + 0 .2 6 2 22 0 ,0 0 0  Ohms
+ .024 + 0 .2 6 1 i i  m
+ .027 + 1 .0 7 1 50 ,000  Ohms
+ .024 + 1 .0 7 0 I I  f t
14 + .114 + 1 .1 8 4 50 ,0 0 0  Ohms
+ .120 + 1 .1 8 3 I I  I I
+ .120 + 0 .3 6 4 20 0 ,0 0 0  Ohms
+ .122 + 0 .3 6 3 I I  I I
15 + .068 + 0 .312 2 0 0 ,0 0 0  Ohms
+ .070 + 0 .3 1 2 I I  I t
+ .074 + 0 .3 1 9 I I  I I
+ .076 + 0 .3 1 8 I I  M
+ .078 + 1 .1 3 9 I I  I I
+ .079 + 1 .1 4 0 I t  I I
16 + .110 + 1 .1 6 0 5 0 ,0 0 0  Ohms
+ .117 + 1 .1 6 5 i i  i t
+ .128 + 0 .3 6 5 2 20 ,000  Ohms
+ .110 + 0 .3 5 5 i i  "
17 - . 0 0 1 + 0 .2 3 7 22 0 ,0 0 0  Ohms
- . 0 2 8 + 0 .2 3 6 I I  I I
- . 0 2 4 + 1 .0 5 3 5 0 ,0 0 0  Ohms
- . 0 0 8 + 1 .0 5 3 i t  n
18 + .021 + 1 .0 7 0 50 ,000  Ohms
+ .010 +1 .072 i t  i t
+ .016 + 0 .2 4 0 22 0 ,0 0 0  Ohms
+ .009 + 0 .243 I I  I f
19 + .048 - 0 . 3 1 6 2 2 0 ,0 0 0  Ohms
+ .045 - 0 .3 1 6 I I  f t
+ .04 5 +1 .117 5 0 ,0 0 0  Ohms
+ .043 + 1. ’ 20 I I  I I
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(V-2)
in  which the  second term on the  r i g h t  hand s i d e  i s  the e f f e c t i v e
v a l u e  o f  r e s i s t a n c e  c r e a te d  by the two r e s i s t o r s  R and R a c t i n g
G p
in  p a r a l l e l .  The two v a lu e s  o f  AR c a l c u l a t e d  by u s in g  the  two 
c a l i b r a t i o n  r e s i s t a n c e s  are AR^ = .29  ohms and AR20  = .07 ohms.
See Appendix D fo r  sample c a l c u l a t i o n s .  AR^ i s  determined by u s in g  
the 5 0 ,0 0 0  ohm c a l i b r a t i o n  r e s i s t o r  in  Equat ion  ( V - 2 ) ,  andAR2 Q i-s 
determined by u s in g  the  2 20 ,000  ohm c a l i b r a t i o n  r e s i s t o r .  Values  
o f  v o l t a g e  were recorded  on a d i g i t a l  v o l t  meter by s w i t c h i n g  the  
c a l i b r a t i o n  r e s i s t o r s  in  and out o f  the c i r c u i t  u n t i l  the change  
in  v o l t a g e  (AV) was s t a b i l i z e d .  See Table  V. An average  v a lu e  for  
AV was then  d eterm ine d .  This  procedure  was repea ted  for  both of  the  
c a l i b r a t i o n  r e s i s t o r s  a t  each s t r a i n  gage l o c a t i o n .  The c a l i b r a t i o n  
c o n s t a n t  A i s  then  c a l c u l a t e d  by the  e q u a t io n ,  A = AR/Av. The c o n s ta n t  
A i s  e x p e c te d  t o  be uniform for  a l l  th e  s t r a i n  gages  s i n c e  the i n i t i a l  
v a lu e  o f  r e s i s t a n c e  i s  the  same fo r  a l l  g a g e s .  The e x p er im en ta l  data  
s u b s t a n t i a t e s  t h i s  s ta t e m e n t .  A i s  eq ua l  t o  .274;  t h i s  r e p r e s e n t s  
an average  v a lu e  c a l c u l a t e d  for  a l l  s t r a i n  gages  shown in Figure  27.
See Appendix D for  sample c a l c u l a t i o n .
which d e f i n e s  the Gage Factor (F) in  terms o f  r e s i s t a n c e  ( R ) , change  
in  r e s i s t a n c e  (AR), and s t r a i n  ( e ) .
comparing the  above e q u a t io n  w i th  e = BAR, B i s  seen  t o  be d e f in e d  as  
1/RF; R and F are  g iv e n  by the  s t r a i n  gage manufacturers  (Micro-
The c a l i b r a t i o n  c o n s ta n t  B i s  determined  for  the e q u a t io n
F = AR/R or e 1 AR
e RF
Measurement,  I n c . )  t o  be R * 1 2 0 .8  ohms and F = 1 . 9 8 .  B i s  then  
c a l c u l a t e d  t o  be equ a l  t o  . 0 0418 .
The c a l i b r a t i o n  c o n s ta n t  C i s  determined from the data  
recorded  in  Table VI.  Th is  d ata  was recorded  by lo a d in g  the  p l a t e  
a t  the  d e s i r e d  p o i n t s  o f  i n t e r e s t  and r e c o r d in g  th e  change in  s t r a i n  
( e )  due to  the  a p p l i e d  load s  ( L ) . The c o n s ta n t  C i s  then  c a l c u l a t e d  
by the  e q u a t i o n ,  C = L / e .  As noted p r e v i o u s l y ,  s t r a i n  gages  did  not  
e x i s t s  a t  a l l  lumped mass p o i n t s ,  and an average  v a lu e  o f  the f i v e  
p o i n t s  was used for  a l l  p o i n t s .  A sample c a l c u l a t i o n  i s  shown in
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Appendix D. The v a lu e  for  C i s  determined to  be equal  t o  .144  x 10 . 
The c o n v e r s io n  c o n s t a n t  r e l a t i n g  load (L) and v o l t a g e  (AV) may now 
be determined by m u l t i p l y i n g  the  th ree  c a l i b r a t i o n  c o n s t a n t s  A x B x C 
This  c a l c u l a t i o n  i s  performed in  Appendix D, th e  r e s u l t i n g  c o n v e r s io n  
c o n s t a n t  i s  equal  t o  1 6 5 . 5 .  The e q u a t io n  d e f i n i n g  the c o n v e r s io n  
from v o l t s  to  pounds f o r c e  can now be w r i t t e n  as L = 165 .5  AV.
The second c a l i b r a t i o n  c o n s ta n t  which r e l a t e s  v o l t s  t o  inche  
i s  o b ta in ed  by adding another  l i n e a r  e q u a t io n  t o  the s e t  of  th ree  
e q u a t io n s  u t i l i z e d  in  the  above c a l i b r a t i o n .  This e q u a t i o n ,  6 = DL, 
r e l a t e s  d e f l e c t i o n s  (&) and th e  load (L) through the  c o n v e r s io n  f a c t o r  
(D ) , which i s  seen  to  be the  i n f l u e n c e  c o e f f i c i e n t s  o f  the  sys te m .  
S o lv in g  t h i s  l a t t e r  e q u a t io n  for  L = 6 /D and s u b s t i t u t i n g  in  the  above 
c o n v e r s io n  between v o l t s  and pounds f o r c e ,  one o b t a in s  = 165.5  DAv. 
This c o n v e r s io n  e q u a t io n  i s  a f u n c t i o n  o f  l o c a t i o n  on the p l a t e  and
w i l l  be e v a l u a t e d  for  each p o in t  a t  which both e x p er im en ta l  and a n a l y ­
t i c a l  data  i s  a v a i l a b l e .  See Table V II .
The equipment u t i l i z e d  in  performing the e x p er im en ta l  t e s t
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TABLE VI
V alues  o f  S t r a i n  in  M icro -Inc he s  per  Inch for  
Various  Loads a t  S e l e c t e d  S t r a i n  Gage L o c a t io n s
S t r a i n
Gage Loads a t  Corresponding
Number_______________ S t r a i n  Gage Number (Pounds Force)
0 1 5 10 15 20 25 30
1 1 0 ,0 0 0 9,993 9 ,9 6 6 9 ,935 9 ,905 9 ,876 9 ,8 4 8 9 ,8 2 0
2 1 0 ,0 0 0 9 ,993 9 ,9 6 4 9,927 9 ,8 9 0 9 ,859 9 ,822 9 ,7 9 0
3 1 0 ,0 0 0 9 ,993 9 ,967 9,937 9 ,905 9 ,875 9 ,8 4 0 9 ,8 2 0
5 5 ,0 0 0 4 , 9 9 0 4 , 9 5 4 4 ,9 1 1 4 , 8 6 9 4 ,8 3 2 4 ,7 9 3 4 , 7 5 8
6 5 ,0 0 0 4 ,9 9 1 4 ,9 6 1 4 ,9 2 4 4 ,8 8 9 4 ,8 4 8 4 , 8 1 8 4 ,7 8 5
7 1 0 ,0 0 0 9 ,994 9 ,9 6 6 9 ,929 9 ,8 9 0 9 ,859 9 ,824 9,792
8 5 ,0 0 0 4 ,9 9 4 4 ,9 6 5 4 ,9 2 6 4 ,8 8 9 4 ,8 5 6 4 ,8 2 2 4 , 7 9 0
13 5 ,0 0 0 4 , 9 8 8 4 ,9 4 4 4 , 8 8 8 4 ,8 3 4 4 , 7 8 0 4 , 7 2 6 4 ,6 7 4
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TABLE VII  
E v a lu a t io n  o f  6 = 1 6 5 . 5D AV
AV = Peak
Value o f  rms 6 = D e f l e c t i o n
Mass D(from t a b l e  I I )  1 6 5 . 5D Response ( V o l t s )____ in  Inches______
1 .00127 .2100  .0675 .01418
2 .00083  .1372 .060  .00824
3 .00102 .1688 .065 .01097
4 .00100 .1655 .064  .01059
5 .00098 .1620  .0565  .00915
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i s  shown i n  F ig u r es  23 ,  24 ,  and 25 .  F igure  23 shows th e  p l a t e  and frame 
in  the  foreground and s t r a i n  s e n s i n g  and r e c o r d in g  equipment in  the  
background.  F igure  25 shows th e  equipment i n s i d e  the Mobile I n s t r u ­
m en ta t io n  Unit  which was used t o  s e n s e  and record  n i n e t e e n  ch an n e ls  o f  
dynamic s t r a i n  and w i l l  be fu r th e r  d e s c r i b e d .  F igure  24 shows the  
c o n t r o l  c e n t e r  on the r i g h t ,  the Mobile In s t r u m e n ta t io n  Unit  a t  r i g h t  
c e n t e r ,  th e  e x p o n e n t i a l  horn w i th  the  p l a t e  and frame mounted near i t s  
mouth a t  l e f t  c e n t e r ,  and the  p r e s s u r i z e d  a i r  s t o r a g e  v e s s e l s  on the  l e f t .
The s t r a i n  s e n s i n g  equipment s een  in  the  background of  
Figure  23 c o n s i s t s  o f  two Baldwin-Lima-Hamilton S t r a i n  I n d i c a t o r s  and 
b a la n c in g  u n i t s ,  a Honeywell  ga lvanometer  o s c i l l o g r a p h ,  and a T e k tr o n ix  
Memory O s c i l l o s c o p e .  The equipment seen  in  Figure  25 c o n s i s t s  o f  a 
bank o f  s i g n a l  c o n d i t i o n e r s  in  the upper r i g h t  hand c o r n e r ,  and a bank 
o f  a m p l i f i e r s  in  the lower r i g h t  c e n t e r  of  the  f i g u r e .  A m u l t i p l e x i n g  
u n i t  i s  l o c a t e d  in  the lower c e n t e r  foreground .  A n in e  t ra ck  Lockheed 
tape r e c o r d e r  i s  seen  on the t a b l e  in  the upper l e f t  hand corner  a long  
w ith  the d i r e c t  cu rre n t  power source  l o c a te d  in  th e  l e f t  c e n t e r  back­
ground. The c o n t r o l  c e n t e r  in  Figure  24 c o n t a i n s  the  n e c e s s a r y  e q u ip ­
ment fo r  o p e r a t in g  the e x p o n e n t i a l  horn.  Inc luded  in  t h i s  equipment i s  
a v a r i a b l e  frequency  s i g n a l  g e n e r a t o r ,  a bandwidth l i m i t i n g  n o i s e  s i g n a l  
g e n e r a t o r ,  and an a m p l i f i e r .  Switches  for  c o n t r o l l i n g  the  f low  o f  the  
compressed a i r  from the p r e s s u r i z e d  a i r  s to r a g e  v e s s e l s  to  the v i b r a t o r  
b a f f l e s  o f  the horn arc a l s o  l o c a te d  in  the c o n t r o l  c e n t e r .  The exponen­
t i a l  horn shown in  Figure 24 has a p r o f i l e  which i s  d e s c r ib e d  by an e x ­
p o n e n t i a l  f u n c t i o n .  I t  was r o ta te d  to  the p o s i t i o n  shown in  Figure 24 
and the p l a t e  was a d ju sted  in the crow 's  n e s t  in the p o s i t i o n  shown such 
th a t  the  p lane  o f  the p l a t e  and the p lane  formed by the mouth of the
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horn were p a r a l l e l .  This in su red  th a t  an a c o u s t i c a l  wave impinging  
on the  p l a t e  from the horn would impact the  p l a t e  w i th  normal i n c i d e n c e .  
The r a d iu s  o f  cu rva tu re  o f  the  wave l e a v i n g  th e  mouth o f  th e  horn i s  
so  much g r e a t e r  than the  d imensions  o f  the p l a t e  t h a t  t h i s  wave can 
be assumed to  be p l a n e .  A near f i e l d  t e s t  on the  a c o u s t i c a l  p ressur e  
f i e l d  impinging  on the p l a t e  v e r i f i e d  t h i s  as su m p t ion .  F igure  32 
( a ,  b ,  c )  shows the c o r r e l a t i o n  between the ampli tude and the phase  
a n g le  a lo n g  th r e e  r a d i a l  l i n e s  in  the p lane  o f  th e  p l a t e .  The four  
i n d i v i d u a l  curves  r e p r e s e n t  the four r a d i a l  d i s t a n c e s  a t  which the  
p r e s s u r e  was rec ord ed .  The r a d i a l  d i s t a n c e s  from the  c e n t e r  o f  the  
p l a t e  are 0 ,  10,  2 0 ,  and 30 i n c h e s .  The th r e e  r a d i a l  l i n e s  a long  
which t h e s e  four p r e s s u r e  measurements were recorded  are o r i e n t e d  w i th  
the  h o r i z o n t a l  y a x i s  ( a ) ,  the v e r t i c a l  z a x i s  ( c ) ,  and the 45 degree  
d ia g o n a l  c o n n e c t in g  the  corn er s  o f  the  p l a t e  ( b ) . These curves  
s u b s t a n t i a t e  the assumption t h a t  the  a c o u s t i c a l  f i e l d  i s  uniform  
over  the  e n t i r e  area  occupied  by the p l a t e .  The cu rves  shown in  
Figure  32 r e p r e s e n t  an 80 h e r tz  pure t o n e .  The same s e r i e s  o f  t e s t s  
was performed for  a 500 h e r t z  pure tone t o  determine  i f  frequency  
has an e f f e c t  on the  p r e s s u r e  f i e l d  d i s t r i b u t i o n .  The r e l a t i o n s h i p  
between ampli tude and phase a n g le s  a t  the v a r i o u s  l o c a t i o n s  o f  the  
500 h e r t z  p r e s s u r e  f i e l d  were the same as the ones for  the 80 h e r t z  
p r e s s u r e  f i e l d .  This s u b s t a n t i a t e d  the assumption  t h a t  the  p r e s s u r e  
f i e l d  i s  uniform over  the area  occupie d  by the p l a t e  r e g a r d l e s s  o f  
the  frequency  o f  the p r e s s u r e  f i e l d .  This s ta tem en t  i s  i n t e r p r e t e d  
t o  s t a t e  th a t  a random p r e s s u r e  f i e l d  emmitted from the horn w i l l  
produce a uniform p r e s s u r e  f i e l d  in the  p lane occupie d  hy the p l a t e .
FIGURE 27: Block Diagram of Experimental Test
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The b lock  diagram shown in Figure  27 r e p r e s e n t s  the path  
fo l l o w e d  by the e x p er im en ta l  data  from i t s  g e n e r a t i o n  at  the p l a t e  
in  the  form o f  s t r a i n  t o  the f i n a l  r e s u l t s  r e p r e se n te d  by the power 
s p e c t r a l  d e n s i t y  p l o t s  and the maximum r o o t  mean square d e f l e c t i o n s .  
The p l a t e  and horn system i s  composed o f  the p l a t e  instrumented  w ith  
n i n e t e e n  s t r a i n  g a g e s ,  the  frame, the s t r u c t u r e  su pp ort ing  the p l a t e  
and frame, and the  e x p o n e n t i a l  horn.  The e x p o n e n t i a l  horn g e n e r a te s  
the  random a c o u s t i c a l  f i e l d  which e x c i t e s  the p l a t e ,  c a u s in g  th e  
d e f l e c t i o n s  o f  the  p l a t e  to  change the r e s i s t a n c e  o f  the s t r a i n  g a g e s .  
Each s t r a i n  gage i s  w ired  i n t o  a f u l l  Wheatstone br id ge  c i r c u i t  
l o c a t e d  in  th e  s i g n a l  c o n d i t i o n e r s .  The change in  r e s i s t a n c e  i s  
converted  to  an e q u i v a l e n t  change in  v o l t a g e  as determined by the  
c a l i b r a t i o n  c o n s t a n t .  The r e s u l t i n g  change in  v o l t a g e  i s  d i r e c t e d  
i n t o  a m p l i f i e r s  which i n c r e a s e  th e  v o l t a g e  from m i l l i v o l t s  to  v o l t s  
(a f a c t o r  o f  one th o u sa n d ) .  The r e s u l t i n g  m agn i f ie d  v o l t a g e  i s  s e n t  
i n t o  the m u l t i p l e x i n g  u n i t  a lo n g  w i t h  a one v o l t  c a l i b r a t i o n  s i g n a l .  
The m u l t i p l e x  system  s t o r e s  the change in  v o l t a g e  on a h igh  frequency  
c a r r i e r .  The f i v e  d i f f e r e n t  c a r r i e r  f r e q u e n c ie s  used to  record  the  
d i f f e r e n t  channels  o f  v o l t a g e  are  200,  300 ,  400 ,  500,  and 600 k i l o ­
h e r t z .  The d ata  was then  recorded  on th e  odd numbered ( 1 ,  3,  5,
7,  9) t r a c k s  o f  a n ine t ra ck  ta p e .  Five m u l t i p l e x  s i g n a l s  were  
recorded on each t r a c k ,  e x c e p t  t rack  number n ine  which co n ta in ed  
th ree  channels  o f  e x c i t a t io n ,  d a ta .  The c a l i b r a t i o n  s i g n a l  was 
recorded on each channel b e fo r e  each t e s t  for a p er iod  of  one m inute .  
The c a l i b r a t i o n  s i g n a l  was a 1 v o l t ,  80 h e r tz  pure tone generated  
from a 155 d e c i b e l  sound s o u r c e .  See Figure 28.
FIGURE 28: Power Level  and Duration o f
E x c i t a t i o n  Applied to  the P l a t e
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F igure  28 shows the  power l e v e l  and the  t ime d u r a t io n  o f  
th e  four e x c i t a t i o n s  produced by the  e x p o n e n t i a l  horn .  The f i g u r e  
shows the  l a s t  few seconds  o f  the  c a l i b r a t i o n  s i g n a l  s t a r t i n g  a t  
t ime eq ua l  z e r o .  The s i g n a l  drops down t o  the  background l e v e l  
o f  80 h e r t z  pure tone e x c i t a t i o n .  A f t e r  45 seconds  o f  80 h e r t z  
e x c i t a t i o n ,  the  s i g n a l  drops down to  the  n o i s e  f l o o r  for  45 s e c o n d s .  
The n ex t  45 seconds  o f  e x c i t a t i o n  c o n s i s t  o f  139 d e c i b e l s  o f  random 
e x c i t a t i o n  hav ing  the  same frequency  spectrum as shown in  F igure  2.  
A f t e r  another  45 seconds  o f  n o i s e  f l o o r ,  the output  power o f  the  
horn i s  r a i s e d  approx im ate ly  10 more d e c i b e l s .  The same sequence  
o f  e x c i t a t i o n  d e s c r ib e d  above i s  rep ea te d  a t  the h ig h e r  power l e v e l s .  
The sequence  o f  e x c i t a t i o n s  i s  as  f o l l o w s :  80 h e r t z  e x c i t a t i o n  for
45 seconds a t  151 d e c i b e l s ,  45 seconds  o f  n o i s e  f l o o r ,  149 d e c i b e l s  
o f  random e x c i t a t i o n  fo r  45 s e c o n d s ,  45 seconds  o f  n o i s e  f l o o r ,  and 
back t o  the  c a l i b r a t i o n  l e v e l .  The only  e x c i t a t i o n  used in  the data  
a n a l y s i s  i s  the  149 d e c i b e l s  o f  random e x c i t a t i o n  fo r  45 s e c o n d s .  The 
o th e r  t e s t s  were performed on ly  t o  check the s i g n a l  q u a l i t y  g en era ted  
by the  s t r a i n  gages  and the g e n e r a l  b ehav ior  o f  the system .
The a n a l y s i s  o f  the data  c o n s i s t s  o f  p r i n t i n g  the raw data  
and d e term in in g  the roo t  mean square  v a l u e ,  the ampli tude  spectrum o f  
the data  (F igure  2 9 ) ,  the p r o b a b i l i t y  d e n s i t y  o f  the  data  (F igure  30
and 3 1 ) ,  and the  power s p e c t r a l  d e n s i t y  o f  the data  (F ig u r e s  2 ,  ^7,
18,  19,  and 2 0 ) .
F igure  29 i s  a r e p r e s e n t a t i v e  s l i c e  o f  the data  recorded
by s t r a i n  gage number 2 .  The ampli tude  spectrum i n d i c a t e s  the l o c a ­























amount o f  ampli tude a s s o c i a t e d  w i t h  each  freq u en cy .  The p l o t  of  
the  raw data  shows the  p a r t i c u l a r  s e c t i o n  o f  data  be in g  a n a ly z e d .
The r o o t  mean square p l o t  shows the r o o t  mean square in  v o l t s  o f  
the  data  as a f u n c t i o n  o f  t im e .  These roo t  mean square p l o t s  are  
scanned t o  l o c a t e  the  maximum root  mean square v a l u e s  o f  the d a ta .
See V in  Table V I I .  These maximum v a lu e s  w i l l  be con verted  through  
the  use  o f  the  c a l i b r a t i o n  c o n s t a n t s  to  the maximum root  mean square  
d e f l e c t i o n s  o f  the  p l a t e  in  i n c h e s .  See 6 in  Table V II .
F ig u r e s  30 and 31 r e p r e s e n t  th e  p r o b a b i l i t y  d e n s i t y  p l o t s  
o f  the  resp on se  a t  s t r a i n  gage number 2 and o f  the e x c i t a t i o n  
r e s p e c t i v e l y .  F igure  31 r e p r e s e n t s  a n e a r l y  p e r f e c t  Gauss ian  
d i s t r i b u t i o n  w hich ,  as  Lin (11 )  i n d i c a t e s ,  d e term ines  the e x c i t a t i o n  
t o  be a t  l e a s t  s t a t i o n a r y .  The p r o b a b i l i t y  d e n s i t y  o f  the resp onse  
(F igure  30) r e p r e s e n t s  a near p e r f e c t  Gauss ian d i s t r i b u t i o n ,  and by 
Lin (11)  d e term ines  the  resp on se  to  be s t r o n g l y  s t a t i o n a r y  or a n a l o ­
g o u s ly  the s t e a d y  s t a t e  c o n d i t i o n  o f  the d e t e r m i n i s t i c  th e o r y .  Lin 
a l s o  s t a t e s  th a t  g iv e n  an e x c i t a t i o n  whose p r o b a b i l i t y  d e n s i t y  has 
a Gauss ian d i s t r i b u t i o n  and a s t r u c t u r a l  sys tem  which i s  l i n e a r ,  the  
output  re sp on se  o f  the  system w i l l  have a p r o b a b i l i t y  d e n s i t y  which 
has a Gauss ian  d i s t r i b u t i o n .  F ig u r e s  30 and 31 v e r i f y  t h i s  s t a t e ­
ment and a l s o  the assumption made in  Chapter I I I  regard in g  the e x c i ­
t a t i o n  be ing  a t  l e a s t  weakly s t a t i o n a r y .
The power s p e c t r a l  d e n s i t y  p l o t  o f  the  e x c i t a t i o n  shown in  
Figure  2 ,  a lon g  w i th  F i g u i e  31,  c o n t a in s  a l l  the  in fo rm a t io n  req u ired  
to  c o m p le te ly  d e f i n e  the random e x c i t a t i o n .  The power s p e c t r a l  
d e n s i t y  p l o t s  o f  the respon se  data shown in  F igures  17, 18, L9, and 20 
c o n t a in  the n e c e s s a r y  in form at ion  t o  c<impletely d e s c r i b e  the r e s p o n se .
FIGURE 30: P r o b a b i l i t y  D en s i ty  P l o t
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These p l o t s  can be used to  determine the n a t u r a l  f r e q u e n c i e s  o f  the  
system and the power s t o r e d  a t  a l l  o f  th e s e  f r e q u e n c i e s .  I n t e g r a t i o n  
o f  the re s p o n se  power s p e c t r a l  d e n s i t y  curves  produces  the mean square  
response  o f  the p l a t e .  Using the square roo t  o f  t h i s  q u a n t i t y  and 
c o n v e r t i n g  to  the proper  u n i t s ,  the roo t  mean square d i s p la c e m e n ts  
o f  the p l a t e  in  in c h e s  are  o b t a in e d .  See 6 in  Table VII .
CHAPTER VI
COMPARISON OF ANALYTICAL AND EXPERIMENTAL RESULTS
The r e s u l t s  ob ta in ed  through the a n a l y t i c a l  and ex p e r im e n ta l  
e f f o r t s  d e s c r ib e d  in  Chapters I I I  and IV are  compared and d i s c u s s e d  
in  t h i s  c h a p te r .  P l a u s i b l e  e x p l a n a t i o n s  are  g iv e n  fo r  the d i f f e r e n c e s  
between the a n a l y t i c a l  and ex p e r im e n ta l  r e s u l t s .  The p a r t i c u l a r  
r e s u l t s  are d i s c u s s e d  in  terms o f  the power s p e c t r a l  d e n s i t y  
p l o t s  and the r o o t  mean square d e f l e c t i o n s .  The accuracy o f  approx­
im at in g  t h i s  p l a t e  w i th  a network o f  beams i s  a l s o  d i s c u s s e d .
F igures  4 and 17 r e p r e s e n t  the a n a l y t i c a l  and exp er im en ta l  
power s p e c t r a l  d e n s i t i e s  o f  the re s p o n se  a t  the c e n t e r  o f  the p l a t e .
The g e n e r a l  trend fo l l o w e d  by both t h e s e  cu rv es  i s  in  good agreement.  
The magnitude o f  the peaks tend t o  d e c r e a s e  w i th  an i n c r e a s e  in  
f requency  i n  both the a n a l y t i c a l  and ex p e r im e n ta l  c a s e s .  The frequency  
(37 h e r t z )  o f  the f i r s t  n a t u r a l  frequency  p r e d i c t e d  a n a l y t i c a l l y  
a g r e e s  v e r y  w e l l  w i th  the e x p e r i m e n t a l l y  measured v a lu e  of  38 
h e r t z .  The magnitude o f  t h e s e  two peaks a l s o  agree  q u i t e  w e l l .
In t h i s  d i s c u s s i o n ,  the peaks in  the power s p e c t r a l  d e n s i t y  p l o t s  
imply a n a t u r a l  frequency  e x i s t s  a t  t h a t  f req uen cy .  The peak having  
th e  g r e a t e s t  amount o f  power i s  the f i r s t  fundamental frequency  of  
the system.  The importance  o f  the agreement between exp er im en ta l  
and a n a l y t i c a l  v a l u e s  of  magnitude and frequency  a t  the f i r s t  n a tu r a l  
frequency  o f  the system i s  r e a l i z e d  when one a p p l i e s  t h i s  a n a l y s i s  
t o  the s o l u t i o n  of  v i b r a t i o n  problems.  The magnitude and the frequency  
o f  the f i r s t  n a tu r a l  frequency  o f  a s t r u c t u r e  i s  u s u a l l y  the most
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important  in fo r m a t io n  needed t o  s o l v e  v i b r a t i o n  problems a s s o c i a t e d  
w it h  the s t r u c t u r e .  Good agreement of  the  a n a l y t i c a l  and e x p e r i ­
mental  frequency o f  the  l a s t  peak (430 h e r t z )  on the power s p e c t r a l  
d e n s i t y  p l o t s  i s  a l s o  ob served .  The magnitude o f  t h i s  a n a l y t i c a l  
peak i s  low as compared to  the  magnitude o f  the e x p er im en ta l  peak.
This  trend o f  low v a l u e s  o f  magnitude fo r  the  a n a l y t i c a l  peaks i s  
c o n s i s t e n t  throughout the e n t i r e  frequency spectrum w ith  the e x c e p t i o n  
o f  the  peaks a t  or near the  f i r s t  n a t u r a l  frequency  o f  37 ( h e r t z ) .
This  trend becomes more pronounced as the f r e q u e n c i e s  i n c r e a s e .
The e x p er im en ta l  and a n a l y t i c a l  f r e q u e n c i e s  o f  the system i n d i c a t e d  
by the  peaks in  the power spectrum tend t o  agree  very  w e l l  through  
the e n t i r e  frequency range .  The on ly  e x c e p t i o n  i s  a peak a t  60 h e r tz  
in  the a n a l y t i c a l  power spectrum whose magnitude i s  two orders  h igh er  
than the peak i n d i c a t e d  by the f i r s t  n a t u r a l  frequency  noted  above.
The trend o f  the  sm a l l  d isagreem ent  between v a l u e s  o f  frequency  for  
the p eak s ,  p a r t i c u l a r l y  in  the midband f r e q u e n c i e s  from 100 to  400  
h e r t z  t i s  fo r  the  a n a l y t i c a l  f r e q u e n c i e s  to  be h ig h e r  than the e x p e r i ­
mental  f r e q u e n c i e s .  Located a t  app rox im ate ly  10 h e r t z  in  the e x p e r i ­
mental  power s p e c t r a l  d e n s i t y  p l o t ,  a peak i s  observed  which does  not  
show up on the a n a l y t i c a l  p l o t .  Th is  d i s c r e p a n c y  can be e x p la in e d  by 
r e a l i z i n g  a l s o  the  reason  for  the  s h i f t  o f  n a t u r a l  f r e q u e n c ie s  to  
h igh er  v a l u e s  on the  a n a l y t i c a l  p l o t s .  One reason  the a n a l y t i c a l  n a tu ­
r a l  f r e q u e n c ie s  are  s l i g h t l y  high i s  because  the e n t i r e  s t r u c t u r e  
s u p p o r t in g  the p l a t e  and horn system i s  not in c luded  in the lumped 
parameter model o f  the system .  Only the crow 's  n e s t ,  shown in F igure  22 
as  the p la t fo r m  p ro tru d in g  out from under the mouth o f  the e x p o n e n t ia l  
horn i s  in c lud ed  in  the model o f  the sys te m .  The remainder of  the
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s u p p o r t in g  s t r u c t u r e  in c l u d i n g  the horn i t s e l f  i s  not  accounted  
fo r  in  the a n a l y s i s .  The e f f e c t  on the n a t u r a l  f r e q u e n c i e s  o f  
the system  o f  in c l u d i n g  the e n t i r e  s t r u c t u r e  which su p p or ts  the  
horn and p l a t e  would be to  s h i f t  the l o w e s t  a n a l y t i c a l  n a tu r a l  
f r e q u e n c i e s  to  a lower v a lu e  and e s s e n t i a l l y  l e a v e  the h igh er  
n a t u r a l  frequency  unchanged e x c e p t  fo r  a sm al l  o v e r a l l  s h i f t  to  
lower v a lu e s  o f  f requency .  I t  i s  proposed t h a t  the v a lu e  o f  
frequency  to  which the lo w e s t  frequency would be s h i f t e d  would 
c o i n c i d e  w i th  the peak a t  10 h e r t z  shown on the ex p er im en ta l  
cu rve .  The s h i f t  o f  the o th er  a n a l y t i c a l  n a t u r a l  f r e q u e n c i e s  
t o  lower v a lu e s  would tend to  b r in g  t h e s e  v a lu e s  i n t o  b e t t e r  
agreement w i th  the ex p er im en ta l  v a l u e s .  The peak a t  60 h e r t z  
which would be s h i f t e d  to  a lower v a lu e  would then e x i s t  as the  
on ly  peak on the e x p er im en ta l  curve  which does  not  match w ith  a 
c o rr esp o n d in g  peak on the ex p er im en ta l  cu rve .  A p o s s i b l e  remedy 
f o r  c o r r e c t i n g  t h i s  problem i s  t o  d i s t r i b u t e  the mass in  such a 
manner th a t  more mass i s  l o c a te d  a t  the c e n t e r  o f  the p l a t e .  This  
m o d i f i c a t i o n  would have the e f f e c t  o f  low er ing  the magnitude and 
frequency  o f  the re sp on se  near 60 h e r t z .  This id e a  w i l l  be pursued  
a f t e r  a comparison i s  made o f  the next  two oower s p e c t r a l  d e n s i t y  
p l o t s .
F igures  5, 18,  and 19 are r e p r e s e n t a t i v e  o f  the a n a l y t i c a l  
and the ex p er im en ta l  resp on se  power s p e c t r a l  d e n s i t i e s  of  a lumped 
mass a t  the i n t e r s e c t i o n  o f  two s t r i n g e r s  on the p l a t e .  Both the  
a n a l y t i c a l  and ex p er im en ta l  curves  p o s s e s s  the same trend which i s  
the d e c r e a s e  in  resp on se  power as the f r e q u e n c i e s  i n c r e a s e .  The 
o n ly  e x c e p t i o n  to  t h i s  trend i s  a peak on the e x p er im en ta l  curve at
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approx im ate ly  430 h e r t z  which i s  n o t  p r e d i c t e d  on the a n a l y t i c a l  
cu rve .  This i n d i c a t e s  th a t  too  much mass i s  a l l o c a t e d  to  the lumped 
mass p o i n t s  in  the p e r i p h e r a l  area  o f  the p l a t e  near  the frame.  
A l l o c a t i n g  l e s s  mass to  each lumped mass p o i n t  near the frame 
and adding more lumped mass p o i n t s  in  t h i s  area  w i l l  cause  the  
magnitude o f  the respon se  peaks to  i n c r e a s e  a t  the h ig h e r  f r e ­
q u e n c i e s .  This new d i s t r i b u t i o n  o f  the mass toward the c e n t e r  
p an e l  a rea  w i l l  a l s o  cause  the frequency o f  the lower modes to  
d e c r e a s e .  I f  t h i s  d i s t r i b u t i o n  o f  the mass i s  accom pl i shed  in  
an optimum f a s h i o n ,  the two peaks l o c a t e d  a t  37 and 60 h e r t z  would 
be s h i f t e d  t o  match the e x p e r im e n ta l  peaks a t  10 and 37 h e r t z .
The g e n e r a l  tendency o f  the a n a l y t i c a l l y  determined magnitude of  
the p e a k s ,  p a r t i c u l a r l y  a t  the h ig h e r  modes o f  v i b r a t i o n ,  to  be 
h ig h e r  than the corr esp on d in g  ex p e r im e n ta l  magnitudes  would be 
r e c t i f i e d .  The a n a l y t i c a l  peak a t  60 h e r t z  can be d im in i sh ed  
in  magnitude by p l a c i n g  s e v e r a l  more lumped mass p o i n t s  in  the  
a rea  o f  the c e n t r a l  p a n e l .  I n c l u s i o n  o f  th e s e  mass p o i n t s  a t  the  
c e n t e r  o f  the s t r i n g e r s  which surround the c e n t e r  p an e l  and a t  
p o i n t s  on the c e n t e r  panel  near the s t r i n g e r s  would have the e f f e c t  
o f  d i s t r i b u t i n g  the resp on se  over s e v e r a l  f r e q u e n c i e s  in  the n e i g h ­
borhood o f  60 h e r t z .  These a d d i t i o n a l  n a t u r a l  f r e q u e n c i e s  cou ld  
be a d ju s te d  by proper a l l o c a t i o n  o f  the mass to  the new lumped 
mass p o i n t s .  The n e t  e f f e c t  would be to  reduce the s i n g l e  peak 
at  60 h e r t z  to  a group o f  s m a l l e r  p eak s ,  as seen  in F igures  18 
and 19 in  the f r e q u e n c ie s  n e ig h b o r in g  60 h e r t z .
The c e n t r a l  p o r t io n  o f  the frequency bandwidth from 100 
to  400 h e r t z  in F igures  5, 18, and 19 match very w e l l  on both the
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a n a l y t i c a l  and e x p er im en ta l  curves  i n  th a t  no major peaks are observed  
on e i t h e r  o f  the curves  in  t h i s  frequency  range.  This type o f  resp on se  
i s  e x p e c te d  s i n c e  the lumped mass p o i n t  i s  l o c a t e d  a t  the i n t e r s e c t i o n  
o f  two s t r i n g e r s ,  which i s  the s t i f f e s t  p o i n t  in  the c e n t r a l  area  
o f  the p l a t e .  The s t r i n g e r s  have a tendency  t o  become node l i n e s  
f o r  a l l  modes o f  v i b r a t i o n  h ig h e r  than the second mode and are  e x a c t l y  
node l i n e s  fo r  the t h i r d ,  s i x t h ,  n in th  and t w e l t h  modes o f  v i b r a t i o n .  
This tendency  has the e f f e c t  o f  a l l o w i n g  t h i s  lumped mass p o in t  to  
respond p r im a r i ly  to  on ly  the f i r s t  and second modes o f  v i b r a t i o n .
This tendency i s  observed  on the curves  in  F ig ur es  5,  6 , 7 ,  8 , 18,  
and 19.
F igures  11 and 20 r e p r e s e n t  the a n a l y t i c a l  and exp er im en ta l  
r esp on se  power s p e c t r a l  d e n s i t i e s  a t  two p o i n t s  which are not g e o m e t r i ­
c a l l y  e q u i v a l e n t ,  but are l o c a te d  s u f f i c i e n t l y  c l o s e  to  one another  
to  ob serve  s i m i l a r i t i e s  i n  t h e i r  power s p e c t r a l  d e n s i t i e s .  Figure  11 
r e p r e s e n t s  the re s p o n se  power s p e c t r a l  d e n s i t y  o f  lumped mass number 8 
(F igure  3) and Figure 20 r e p r e s e n t s  the re s p o n se  power s p e c t r a l  d e n s i t y  
o f  s t r a i n  gage 16 (F igure  2 6 ) .  The r o o t  mean square  d i s p la c e m e n ts  of  
the two p o i n t s  in  q u e s t i o n  are  not  e x p ec te d  t o  compare f a v o r a b ly ,  but  
the power s p e c t r a l  d e n s i t i e s  do show some s i m i l a r i t i e s  in  n a tu r a l  
f r e q u e n c i e s  between the two p o i n t s .  B a s i c a l l y ,  the  same s i m i l a r i t i e s  
which were observed fo r  the two p r e v io u s  s e t s  o f  r e sp on se  power 
s p e c t r a l  d e n s i t y  p l o t s  are observed  fo r  t h i s  p a ir  o f  c u r v e s .  The 
d e c r e a s i n g  power o f  the resp on se  peaks as the frequency  i n c r e a s e s  
i s  observed  for  both t h e s e  c u r v e s .  The f i r s t  and l a s t  n a tu ra l  f r e ­
q u e n c ie s  a t  37 h e r t z  and 430 h e r tz  r e s p e c t i v e l y ,  match very w e l l  on 
both c u r v e s .  The magnitudes 0 f th es e  peaks do not match as i s  expecLed.
93
The c o r r e l a t i o n  between the ex p e r im e n ta l  and a n a l y t i c a l  peaks in  the  
midband f r e q u e n c i e s  o f  100 t o  400 h e r t z  i s  good,  but has the same 
s h i f t  o f  a n a l y t i c a l  f r e q u e n c i e s  t o  h ig h e r  v a l u e s .  The a n a l y t i c a l  
peak o f  60 h e r t z  i s  a g a in  the  o n ly  major d i f f e r e n c e  in  n a t u r a l  f r e ­
q u e n c ie s  between the two c u r v e s .  Although the two resp on se  p o i n t s  
b e in g  d i s c u s s e d  are n o t  e q u i v a l e n t  p o i n t s ,  the same b a s i c  s i m i l a r i t i e s  
n oted  in  t h e i r  power s p e c t r a l  d e n s i t i e s  as observed a t  the o th er  
p o i n t s  a lr e a d y  compared i n d i c a t e  t h a t  the e n t i r e  p l a t e  p o s s e s s e s  
t h e s e  s i m i l a r i t i e s  between the e x p er im en ta l  and a n a l y t i c a l  r e s u l t s .  
F igu r es  9 ,  10, 11,  12,  and 20 support t h i s  o b s e r v a t i o n .  F igures  13,
14,  15,  and 16,  which r e p r e s e n t  the power s p e c t r a l  d e n s i t i e s  of  the  
lumped masses a t  the corn er  p a n e l s ,  p o s s e s s  most of  the same ch arac­
t e r i s t i c s  noted  in  the comparison between F igures  11 and 20 ,  and,  
i n  g e n e r a l ,  a l s o  support  the above o b s e r v a t i o n .  C orre la ted  with  
t h i s  o b s e r v a t i o n ,  i s  the  o b s e r v a t i o n  t h a t  the m o d i f i c a t i o n s  s u g g es te d  
to  improve the a n a l y t i c a l  r e s u l t s  would apply over the e n t i r e  p l a t e .
The m o d i f i c a t i o n s  needed in  the a n a l y t i c a l  model,  as noted  
above ,  i s  t o  r e d i s t r i b u t e  the mass such th a t  more mass i s  in c lu d ed  
near the c e n t e r  o f  the  p l a t e  . This a d d i t i o n a l  mass near the c e n t e r  
of  the p l a t e  i s  coupled  w i th  a co rr es p o n d in g  d e c r e a se  in  the mass 
a t  the lumped p o i n t s  near the f i x e d  boundary o f  the p l a t e .  An i n c r e a s e  
in  the number o f  lumped mass p o i n t s ,  p a r t i c u l a r l y  a t  the m idpoin t  of  
the s t r i n g e r s ,  i s  a l s o  needed.  The e n t i r e  su p p or t in g  s t r u c t u r e  of  
the p l a t e  and horn should  be in c lu d ed  in  the lumped parameter model 
of  the system.
The e f f e c t  o f  t h e s e  a n a l y t i c a l  m o d i f i c a t i o n s  would be to  
s h i f t  the a n a l y t i c a l  n a tu r a l  f r e q u e n c i e s  a s s o c i a t e d  w i th  each peak
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i n  the re s p o n se  power s p e c t r a l  d e n s i t y  p l o t s  to  lower v a lu e s  of  
frequ en cy .  The f i r s t  and second n a t u r a l  f r e q u e n c i e s  would be s h i f t e d  
the g r e a t e s t  amount, and the h i g h e s t  n a t u r a l  frequency  would be 
s h i f t e d  the l e a s t  amount. The o v e r a l l  l e v e l  o f  power a s s o c i a t e d  
w ith  the peaks a t  the h ig h e r  f r e q u e n c i e s  would be in c r e a s e d  with  
r e s p e c t  t o  the power l e v e l  a t  the  lower f r e q u e n c i e s .  A l l  th es e  
e f f e c t s  on the a n a l y t i c a l  r e sp on se  power s p e c t r a l  d e n s i t y  would 
tend to  make the  r e s u l t i n g  cu rves  more s i m i l a r  to  the exper im enta l  
c u r v e s .
A comparison o f  the maximum r o o t  mean square d e f l e c t i o n s  
determined both a n a l y t i c a l l y  and e x p e r i m e n t a l l y ,  i s  d i s p l a y e d  in  
Table I .  The e r r o r  i n d i c a t e d  i n  Table I  i s  the per  c e n t  d e v i a t i o n  
of  the a n a l y t i c a l  r e s u l t s  o b ta in ed  by i n t e g r a t i n g  Equat ion (111-12)  
from the e x p er im en ta l  r e s u l t s .  The e r r o r  between the exp er im en ta l  
r e s u l t s  and the r e s u l t s  o f  u t i l i z i n g  Equat ion  ( I I I - 14) i s  in  every  
c a s e  g r e a t e r  than the e r r o r  shown fo r  Equation ( 1 1 1 - 1 2 ) .  The r e s u l t s  
o b ta in ed  by u s in g  Equation (111 -14 )  i s  ap p rox im ate ly  100 per cen t  
g r e a t e r  than the r e s u l t s  o f  Equation (111 -12 )  and does not  p r e d i c t  
the e x p er im en ta l  r e s u l t s  as w e l l  as Equat ion ( 1 1 1 - 1 2 ) .  These  
comparisons  i n d i c a t e  th a t  Equat ion (111 -14 )  i s  not  a very good 
approxim ation t o  Equat ion (111 -12 )  f o r  the p a r t i c u l a r  e x c i t a t i o n  
power s o e c t r a l  d e n s i t y  shown in  Figure 2.  The maximum d e v i a t i o n  
between the exp er im en ta l  and a n a l y t i c a l  [Equat ion (1 1 1 - 1 2 ]  am pl i tudes  
i s  on ly  4 1 . 0  per c e n t .  C ons ider ing  the c o m p le x i ty  o f  the system  
in v o lv e d  and the f a c t  th a t  by d e f i n i t i o n  a random v i b r a t i o n  d e f i e s  
e x p l i c i t  d e f i n i t i o n ,  the 4 1 . 0  per c e n t  e r r o r  r e p r e s e n t s  an e x c e l l e n t  
a n a l y t i c a l  p r e d i c t i o n .  U n f o r t u n a t e l y ,  not enough ex p er im en ta l  data
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p o i n t s  were recorded to  compare w i th  a l l  o f  the a n a l y t i c a l  p o i n t s .
Table IV l i s t s  the fo u r t e e n  n a t u r a l  f r e q u e n c i e s  c a l c u l a t e d  
by u s i n g  the e x p e r i m e n t a l l y  measured and the a n a l y t i c a l l y  c a l c u l a t e d  
i n f l u e n c e  c o e f f i c i e n t s .  The a n a l y t i c a l  i n f l u e n c e  c o e f f i c i e n t s  are  
determined by approxim ating  the p l a t e  w i th  a dense network o f  beams 
in  which a l l  i n t e r s e c t i o n s  o f  beams are made r i g i d .  The e x p er im en ta l  
i n f l u e n c e  c o e f f i c i e n t s  are measured by r e c o r d in g  the d e f l e c t i o n s  o f  
the p l a t e  due to  c a l i b r a t e d  p o i n t  l o a d s .  The two s e t s  o f  i n f l u e n c e  
c o e f f i c i e n t s  are l i s t e d  in  Tables  I I  and I I I ,  but comparing the  
i n f l u e n c e  c o e f f i c i e n t s  a t  each p o i n t  in  the m atr ix  i s  not  an e f f i c i e n t  
method o f  comparison in  t h i s  c a s e .  A b e t t e r  comparison i s  t o  observe  
the e f f e c t  th e s e  two s e t s  o f  i n f l u e n c e  c o e f f i c i e n t s  have on the r e s u l t s  
of  t h i s  problem. The e n t i r e  e f f e c t  o f  the i n f l u e n c e  c o e f f i c i e n t s  
on t h i s  problem i s  t r a n s m i t t e d  through the e i g e n v a l u e s  (n a tu r a l  
f r e q u e n c i e s )  and e i g e n v e c t o r s  o f  the system.  The a n a l y t i c a l  e i g e n ­
v e c t o r s  are  a l t e r e d  s l i g h t l y  from the ex p er im en ta l  e i g e n v e c t o r s ,  and 
the e f f e c t  on the e i g e n v a l u e s  i s  r e p r e s e n te d  in  Table IV by the n a tu r a l  
f r e q u e n c i e s .  The maximum root  mean square  v a lu e s  c a l c u l a t e d  by u s i n g  
the a n a l y t i c a l  i n f l u e n c e  c o e f f i c i e n t s  are a l t e r e d  by a maximum of  
6 per  c e n t  from the v a l u e s  c a l c u l a t e d  by u s in g  Equation ( 1 1 1 - 1 2 ) ,  
and the exp er im en ta l  c o e f f i c i e n t s .  In most c a s e s ,  t h e s e  a n a l y t i c a l  
i n f l u e n c e  c o e f f i c i e n t s '  r o o t  mean square  am pl i tudes  are b e t t e r  
approximat ions  to  the exp er im en ta l  am pl i tudes  than the ones g iv e n  
by Equat ion (111 -12 )  in Table I .  G e n e r a l ly ,  the i n f l u e n c e  c o e f f i c i e n t s  
determined by the a n a l y t i c a l  method d e s c r ib e d  in  Chapter IV are a good 
approxim at ion  to  the a c tu a l  v a lu e s  and p a r t i c u l a r l y  for the purposes  
o f  t h i s  problem produce very good r e s u l t s .
CHAPTER VII
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK
This  c h a p te r  w i l l  enumerate the c o n c l u s i o n s  which are  drawn 
from t h i s  i n v e s t i g a t i o n  and p o i n t  out c e r t a i n  areas  t h a t  appear to  
warrant f u r t h e r  work. The c o n c l u s i o n s  as a r e s u l t  o f  t h i s  i n v e s t i ­
g a t i o n  are  as f o l l o w s :
1. A lumped parameter a n a l y s i s  o f  a non-homogeneous p l a t e  
s u b j e c t e d  to  a random e x c i t a t i o n  produced maximum r o o t  mean square  
d is p la c e m e n ts  which compare very  w e l l  to  the r e s u l t s  o b ta in ed  by 
e x p er im en ta l  t e s t s .  R e s u l t s  from the e x p er im en ta l  work when 
compared t o  the a n a l y t i c a l  show a range o f  e r r o r  from 19 .1  to
4 1 . 0  per  c e n t .
2. The lumped parameter a n a l y s i s  y i e l d s  i t s  b e s t  p r e ­
d i c t i o n s  o f  the ex p e r im e n ta l  power s p e c t r a l  d e n s i t i e s  a t  the lower  
f r e q u e n c ie s  o f  v i b r a t i o n .  The e r r o r  o f  p r e d i c t i n g  the power l e v e l  
a s s o c i a t e d  w i th  each peak i n c r e a s e s  as the  frequency  i n c r e a s e s  and 
ranged from an e r r o r  o f  l e s s  than one order  o f  magnitude a t  the  
lower f r e q u e n c i e s  to  four  orders  o f  magnitude a t  500 h e r t z .
3.  For the p a r t i c u l a r  e x c i t a t i o n  u t i l i z e d  in  t h i s  i n v e s t i ­
g a t i o n ,  i n t e g r a t i o n  o f  Equation (1 1 1 -1 2 )  w i th  the a c t u a l  e x c i t a t i o n  
produces  v a l u e s  o f  maximum roo t  mean square d i s p la c e m e n ts  which  
compare much more fa v o ra b ly  w i th  the e x p er im en ta l  r e s u l t s  than the  
r e s u l t s  produced by u t i l i z i n g  the "white n o i s e "  approxim ation  o f  
Equation (111 -14 )  and the average  v a lu e  o f  the e x c i t a t i o n .
4.  The accuracy of  p r e d i c t i n g  the peaks in  the response
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power s p e c t r a l  d e n s i t i e s  o f  the  p l a t e  in  q u e s t i o n  i s  s t r o n g l y  dependent  
on the proper  d i s t r i b u t i o n  o f  mass to  the v a r i o u s  lumped mass p o i n t s .
The d i s t r i b u t i o n  o f  mass and the i n s u f f i c i e n t  number o f  lumped mass 
p o i n t s  u t i l i z e d  in  t h i s  i n v e s t i g a t i o n  are the  major r eason s  a peak 
in  the re s p o n se  power s p e c t r a l  d e n s i t y  p l o t s  a t  60 h e r t z  con ta in ed  
an e r r o n e o u s ly  l a r g e  amount o f  power.
5.  An i n c r e a s e  in  the  number o f  lumped mass p o i n t s  and 
the  proper  d i s t r i b u t i o n  o f  mass t o  th e s e  p o i n t s  w i l l  a l s o  a l l e v i a t e  
th e  problem o f  p r e d i c t i n g  low power l e v e l s  a t  the  h ig h e r  f r e q u e n c i e s .
6 . The i n f l u e n c e  c o e f f i c i e n t s  o f  the p l a t e  can be p r e ­
d i c t e d  s u f f i c i e n t l y  w e l l  for  t h i s  i n v e s t i g a t i o n  by r e p r e s e n t i n g  the  
p l a t e  as  a dense network o f  beams. The e r r o r  in  p r e d i c t i n g  the  
n a tu r a l  f r e q u e n c i e s  i s  l e s s  than 3 . 5  per c e n t  fo r  the f i r s t  t h i r t e e n  
n a t u r a l  f r e q u e n c i e s .
7.  The damping r a t i o  can be regarded as a c o n s ta n t  w i th  
r e s p e c t  t o  l o c a t i o n  on the  p l a t e ,  and as a v a r i a b l e  w i th  r e s p e c t  t o  
frequency  o f  v i b r a t i o n .  This  i s  v e r i f i e d  by e x p e r i m e n t a l l y  measuring  
the  damping r a t i o  (F igure  21) as  both a f u n c t i o n  o f  l o c a t i o n  and 
f req u en cy .
8 . This  method o f  a n a l y s i s  for  non-homogeneous p l a t e s  has  
the  b a s i c  q u a l i t i e s  o f  s i m p l i c i t y  and a ccu ra c y ,  and may be a p p l ie d  
to  a wide v a r i e t y  o f  oddly shaped s t r u c t u r e s  w i th  an e a s e  not  found 
among o th er  methods o f  a n a l y s i s .
The reccommendations for  fu ture  i n v e s t i g a t i o n s  in t h i s
area are:
1. A s tudy o f  the e f f e c t  o f  v a r io u s  d i s t r i b u t i o n s  o f  mass 
to  the lumped mass p o i n t s  on the response  o f  p l a t e s  should  be done.
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Homogeneous p l a t e s  s u b j e c t e d  t o  pure to n e s  cou ld  be the f i r s t  phase  
and the  co m p le x i ty  o f  t h i s  s tudy  i n c r e a s e d  u n t i l  i t  in c l u d e s  non-  
homogeneous p l a t e s  s u b j e c t e d  t o  random e x c i t a t i o n s .  The o b j e c t  o f  
th e  s tud y  would be t o  determine the optimum p r o p o r t io n s  for  a l l o ­
c a t i n g  mass t o  the  lumped p o i n t s  in  order  t o  p r e d i c t  the response  
a c c u r a t e l y .  H o p e f u l l y ,  the  s tudy  w i l l  lead  t o  a s e t  o f  r u l e s  or 
g u i d e l i n e s  which may be used t o  a l l o c a t e  mass to  the  lumped p o i n t s  
in  any lumped parameter a n a l y s i s  o f  p l a t e s .
2.  A f t e r  the  proper a l l o c a t i o n  o f  mass to  the  d i f f e r e n t  
areas  o f  the p l a t e  have been d e term ined ,  o b t a in  a r e l a t i o n s h i p  
between th e  number o f  lumped masses  used in  modeling  the  p l a t e  
and the r e s u l t i n g  e r r o r  o f  the p r e d i c t e d  r e s p o n s e .  Th is  in forma­
t i o n  would be ex tre m e ly  v a l u a b le  to  p erson s  t r y i n g  t o  make the most  
e f f i c i e n t  lumped parameter a n a l y s i s  o f  a p l a t e .
3 .  Study the v e r s a t i l i t y ,  r e l i a b i l i t y ,  and l i m i t a t i o n s  
o f  u s in g  a network o f  beams t o  approximate the i n f l u e n c e  c o e f f i ­
c i e n t s  o f  a v a r i e t y  o f  oddly shaped p l a t e s .
4 .  Study the tendency o f  the  damping r a t i o s  for  a p l a t e  
t o  e x h i b i t  a s i n i s o i d i a l  v a r i a t i o n  in  magnitude as a f u n c t io n  of  
f req u en cy .  P a r t i c u l a r l y ,  s tudy  the b eh av ior  o f  the damping r a t i o s  
at  very  low and very  h igh  f r e q u e n c i e s .
APPENDIX A
DETERMINATION OF THE TRANSFORMATION WHICH 
UNCOUPLES THE EQUATIONS OF MOTION
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The purpose o f  t h i s  appendix i s  t o  determ ine  the c o n d i t i o n s  
under which a damped dynamic system  p o s s e s s  c l a s s i c a l  normal modes.
I t  i s  shown t h a t  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  fo r  a damped 
dynamic system  t o  p o s s e s s  c l a s s i c a l  normal modes i s  t h a t  the damping 
m a tr ix  be d i a g o n a l i z e d  by the same t r a n s fo r m a t io n  which uncouples  
the undamped system.  This t r a n s fo r m a t io n  i s  accom pli shed  by the norma­
l i z e d  e i g e n v e c t o r s  o f  the  system.
In g e n e r a l ,  the cou p led  e q u a t io n s  o f  motion fo r  an N degree  
of  freedom l i n e a r  dynamic system w i th  lumped parameters  may be w r i t t e n  
in  m atr ix  n o t a t i o n  as :
[m] {g} + [ c ]  fg ]  + Tk] (g )  = f f ( t ) l  ( A - l )
where f m ] ,  rc ]> an  ̂ [ k ]  are p o s i t i v e  d e f i n i t e  and symmetric.  The 
homogeneous e q u a t io n  i s  s im p ly ,
[m] (g )  +  [ c ]  {g} + [ k ]  [ g 1 = 0 (A-2)
The undamped homogeneous e q u a t io n  i s  determined when [ c ]  and £ f ( t ) ]
are equal to  zer o .
rm] (g l  + [ k ]  [g l  = 0 (A-3)
Let  ] be the t ra n s fo r m a t io n  which makes [m] a d iagon a l
Tm atr ix  when m u l t i p l i e d  in  t h i s  form [9 ] [mj [ 9 ] .  This transform a­
t i o n  n e c e s s a r i l y  e x i s t s  because o f  the symmetry o f  !_m].
D e f i n e ,
fg t  = r q rxl (A-4)
and s u b s t i t u t e  i n t o  Equat ion (A -2 ) .
[m] To] (x)  + [ c ]  [ q ]  + f k ]  [ n ]  fx )  = 0 (A-5)
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TP r e m u l t ip ly  Equat ion (A-5) by [ q ]  .
[ 0 ] T rn>] [fl]  {xl  + r q ] T [ c ]  f p ]  {*) + [ 0 ] T r k ]  f q ]  {x] = 0
(A-6 )
D e f i n e ,
T -
[fl] rm] = rS] a d ia g o n a l  m atr ix
r0] T [c] -  fS]
[0]T rk] r<o - [E] (A.7)
S in ce  f m ] , f c ] ,  and r k ]  are  p o s i t i v e  d e f i n i t e  and symmetric m a t r i c e s ,
[m ] ,  f c ] ,  and r k ]  w i l l  a l s o  be p o s i t i v e  d e f i n i t e  and symmetric.
S u b s t i t u t i n g  the terms d e f in e d  i n  Equation (A-7) i n t o  Equation (A-6 )
one o b t a i n s :
fm] {x l  + f c ]  {x]  +  fk ]  {x]  = 0 (A-8 )
The [m] m atr ix  in  Equation (A-8 ) i s  reduced to  the i d e n t i t y  m atr ix  
by d e f i n i n g
{pi = fR] fx ]  (A-9)
where
[ R] = r v ? n  (a - i o )
and s u b s t i t u t i n g  i n t o  Equation  (A-8 )
fR] {pi  + f c ]  fR] " 1 {Pl + f k ]  r R ] " 1 {pi = 0 (A -11)
P r e m u l t ip ly  Equation ( A - l l )  by fR] 1 .
r R ] -1 rR]  {pi + f R ] ' 1 r c ]  r R ] " 1 {p} + [ R ] " 1 r k ]  f R ] ' 1 {p i  = o
( A - 12)
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D e f i n e ,
[ i ]  = [R]  ̂[R] I d e n t i t y  m a tr ix
[A] -  [ R ] ' 1 [S ]  [R J '1
[B] -  [R] " 1 [ k ]  [R ] ‘ l  (A-13)
S u b s t i t u t e  Equat ions  (A-13) i n t o  Equation (A -12) .
[ I ]  {p} + [A] {p} + [B] {p} = 0 (A-14)
[A] and [B]  are  p o s i t i v e  d e f i n i t e  and symmetric m a t r i c e s  and a c c o r d in g  
to  Hildebrand (38) may be d i a g o n a l i z e d  s i m u l t a n e o u s ly  by a s i n g l e  
t r a n s fo r m a t io n  i f  and on ly  i f  the two m a t r i c e s  [A] and [B] commute.
See Bellman (3 9 ) .  Let  [V] be the t r a n s fo r m a t io n  such t h a t ,
and
D e f i n e ,
[V ]T [A] [V] = [ a ]  i s  a d ia g o n a l  m a tr ix  (A-15)
[V ]T [B]  [ v] = [ b ]  i s  a d ia g o n a l  m a tr ix  (A-16)
[p] = [V] {n} (A -17)
and s u b s t i t u t e  Equat ion (A-17) i n t o  Equat ion (A -14) .
[V] {Hi + [A] [V] {n} + [B] [V] {n} = 0 (A-18)
P r e m u l t ip ly  by [ v ]  .
[V ]T [V] [H] + [V ]T [A] [V] [nj  + [V ]T [B] [V ]  (n) = 0 (A-19)
S u b s t i t u t e  Equat ions  (A-15) and (A-16) i n t o  (A -19) .
[v ]^  ! V] [ n ]  + [ a ]  [n] + [b ]  {n} = 0 (A-20)
Equat ion (A-20) r e p r e s e n t s  the damped uncoupled  system  
Ti f  and only  i s  [V] [V] i s  a d ia g o n a l  m a tr ix .  I f  [VJ i s  n o rm a l ized ,
t h i s  requirement  becomes,
103
[ V] T [ V] = 1 (A -21)
E quation  (A-21) r e s t r i c t s  the tra n sfo rm a t io n  d e s c r ib e d  by Equation  (A-17)  
to  be o r th o g o n a l .
I t  i s  noted  th a t  i f  th e  above t r a n s fo r m a t io n s  d e s c r ib e d  by 
E q uations  (A-4) , (A-9) and (A-17) were a p p l ie d  to  the undamped system  
d e s c r ib e d  by Equation  ( A - 3 ) , the  req u ir ed  tr a n s fo r m a t io n  would be the  
same as the above orth o g o n a l tr a n s fo r m a t io n .  I t  th e r e f o r e  f o l lo w s  
t h a t ,  i f  a damped system  p o s s e s s  c l a s s i c a l  normal modes, th e s e  modes 
are  i d e n t i c a l  w ith  the normal modes fo r  the undamped sy stem . The 
tr a n s fo r m a t io n  m a tr ix  which u n cou p les  the undamped system  i s  composed 
o f  columns which are  the e ig e n v e c t o r s  o f  the sy stem . The e ig e n v e c t o r s  
o f  th e  undamped system  a r e ,  t h e r e f o r e ,  the  proper tr a n s fo r m a t io n  fo r  
u n co u p l in g  the eq u a t io n s  o f  m otion  fo r  the  damped system  d e sc r ib e d  
a b ove .
APPENDIX B 
INTEGRATION OF THE TRANSFER FUNCTION 
SQUARED BY THE THEORY OF RESIDUES
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The t r a n s f e r  f u n c t io n  (H) squared i s  d e f in e d  a s ,
2 1 
|h(oj) | * o 2 2 2 2 ( B - l )
M2 L (u i  -  ^ ) +  (2 §uoo r j  1 ;
w here,
§ ® damping r a t i o
uu ■ n a tu r a l  freq u en cyo
uu = frequency  
M = mass
The i n t e g r a l  ( I )  o f  t h i s  f u n c t io n  from -<* to  +°° w i l l  be 
determ ined  by the th eory  o f  r e s id u e s .  See James ( 1 5 ) .
CD
I = \  |H(ou) 12 dou (B-2)
w"oo
I = ( du)J2. r 2 2 .2  .2-, (B-3)^ I (w -  w ) +  (2  §uxu ) J
The in teg ra n d  o f  Equation  (B -3) which i s  a f u n c t io n  o f  the  
r e a l  v a r i a b l e  uu i s  t r e a t e d  as a f u n c t io n  o f  the  complex v a r i a b l e  
z .  The complex f u n c t io n  f ( z )  i s  d e f in e d  to  be,
f ( z )  = - 5 ------5--------- t - 4 ------------------------5“  (B -4)
yr [ ( 5 o -  z V  + (2 ? u)0 z ) Z]
The complex f u n c t io n  d e s c r ib e d  by Equation (B -4) has two 
s im p le  p o le s  in  the upper h a l f  complex p lan e  and are  determ ined  by 
s o lv in g  fo r  the z e r o e s  o f  the e x p r e s s io n  e n c lo s e d  by b ra ck e ts  in  
Equation (B -4 ) .  These p o le s  are found to  be,
z i  = V 1 -  -  U)o +  1 5p „
(B-5)
and,
z9 = . /  1 -  ^  a’0 + *5%
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The i n t e g r a l  ( I )  o f  Equation  (B -3 )  i s  g iv e n  by the  
Theory o f  R es id u es  to  b e ,
I = 2 tt i  { The sum o f  th e  r e s id u e s  o f  f ( z )  in  the upper
complex p la n e ]  (B -6 )
The r e s id u e s  and R  ̂ in  th e  upper complex p lan e  are  determ ined by ,
R. = (z  -  z . )  | f  ( z )  | _ (B -7)1 1 z = z ̂
a n d ,
R2 = (z  -  z 2 ) If ( z ) | z = ^  (B -8 )
E quation  (B -6 ) can be r e p r e se n te d  a s ,
I = 2 n i  (r l + r 2 ) (B -9)
z -  J l -  § 2 ujo -  i  5 u)0
_ 2 n i  j  ̂ ____________  r——w
M2 L iu>o“ o +  i ^ o  ) 2 J 2 +  2 ^ o  ( / l - ? 2 ujo+igub y j 2
z + , / l  -  r  cuq -  i  F uju ^
-----------------------------------   j
2 /  71 2 , 2 2  „ / ' - 2  , , 2
'ju -  -  / 1 - ^  uu + i^ o >  J ; +  1 2 ^0 ) I -  / ! - §  oi + i § u j  J :
- O o /  J  ^ o \  ! o  q / _ i  ( B - 1 0 )_  o  V. v
E quation (B -10) i s  reduced to  ,
T — 2*~ri  Wo \ _ TT 1 1 \
' J 4  f 777 ■ 9M2 3 FM'JUo 4 i ^  / 2M au0 s
Equation  ( B - l l )  r e p r e s e n t s  the i n t e g r a l  o f  the t r a n s f e r  fu n c t io n  squared  
from -® to  +°°.
For the purpose o f  p r a c t i c a l  a p p l i c a t i o n  th e  range o f  i n t e g r a t i o n  
i s  reduced to  0 to  S in ce  the in teg ra n d  o f  E quation  (B -12) i s







C * * * * PROGR am r a n d o m * * * *
c
C THI S  PROGRAM T AKF! S AN I NFLUENCE COE F F I CI E N T  MATRI X,  DECOMPOSES IT INTO AM
C UPPER TRI - DI AGONAL MATRI X,  I NVERTS IT AND PRODUCES THE S T I F F N E S S
C C OE F F I C I E N T  MATRIX# THE MASS MATRIX I S  COMBINED (KITH THE S T I F F  MATRIX AND
C USF D TO COMPUTE THE EI GENVALUES  AND EI GENVECTORS OF THE SYSTEM#
C THE EI GENVECTORS ARE CONVERTED INTO A NORMALIZED FORM IN THE REAL SPACE
A n O USED TO CALCULATE THE MODAL PART I C I P A T I  ON FACTORS# THE PROGRAM THEN 
READS THE MODAL DAMPENING RATI O MATRIX AND THE E XCI TATI ON POWER SPECTRAL  
C DE NS I TY #  THE RMS D I S P L ACE ME NT ( I N # ) FOR EACH LUMPED MASS I S  DETERMINED
C BY F X C I T I N G  EACH MASS AND SUPER I MPUSI NG THE DI S PLACEMENTS DUE TO ALL
C EXCI T AT I ON S #  THE POWER SPECTRAL D E NS I T Y  OF THE OUTPUT RESPONSE AT EACH
C LUMPED MASS I S  PLOTTED FOR THE FREQUENCY GANDWITH OF 6  TO 5  2 -  HZ#
C
C PREPARED BY D E N N I S  J# DI LYEU
C
C K = NO.  OF CAS ES
C MA -  DI MENS I ON S I Z E
C N = DEGREES OF FREEDOM
C A = INFLUENCE C O E F F I C I E N T  MATRIX
C O -  DIAGONAL OF I NFLUENCE C OE F F I C I E N T  MATRIX
C AMASS = MASS MATRIX
C £ -  NATURAL F R E Q U E N C I E  S ( H Z )
C F -  NATURAL F R E Q U E N C I E S ( R A D / S E C )
C V = EI GENVECTORS
C P = MODAL P A R T I C I P A T I O N  FACTORS
C HZ = FREQUENCY SPECTRUM ( 6 - 5 0 C H Z )
C Z = MODAL DAMPENING RATI O
C W —  AVERAGE VALUE OF F X C I T A T I O N  PSD ( V O L T S * * ^ / H Z )
C X = RMS DI SPLACEMENT AS S OCI ATED WITH W ( I N )
C W O  =  PSD OF RESPONSE ( POUNDS F U R C E * * 2 / H Z )
C XI = RMS DI SPLACEMENT ASSOCI ATED WITH Wl ( I N )
C FA = ARE A OVER WHICH FORCE I S  APPLI ED FOR EACH MASS
C
c 109
DI MENSI ON A( 1 4*  1 4 )  * 0 ( 1 4 * 1 4 )  » E ( 1 4 )  i A MA S S ( 1 4 )  » SM A S S ( 1 4 ) . XMASS(  1A ) 
DI MENS I ON P ( 1 A ) , F ( 1 A ) . X ( 1 A ) . Z ( 1 A ) . V ( 1 A , 1 A ) . N 0 ( 5 C 2 ) . H Z ( 5 .,<i )
0 I MENS ION I AT 1(  1 8 ) ,  IAF1 ( 1 8 )  , WI ( 5 0 0 )  . X D ( 5 0 0 ) . I A X 1 ( l e  ) ,  I A X 2 (  18 >
0 I MENSION I A X 3(  1 8 )  . I A T 2 (  1 8 )  » I A T 3 ( 1 8 )  • I AE2 ( 1 8 )  .  I AF3  ( I d )
DI MENS I ON D(  1 A ) , F A ( 1 A ) . F O R ( 1 A )
COMMON 1 0 0 ( 1 5 ) . R O F I 3 C 0 C ) . I 0 8 ( 1 5 )
L O G I C A L * l  C 
LOGI CAL S KI P  
DATA C / * * ' /
S K I P = * F A L S E *
CALL P L O T S ( U U F , 3 : 0 C )
CALL P L O T ( 0 * . 1 * 5 . - 3 )
RE AO( 5 . 2 )  1D 9
R L A O ( 5 . 2 )  1 0 8
2 FORMA T ( 1 5 A A )
READ ( 5 , A)  I A T 2 
READ ( 5 . A)  I A E l  
READ ( 5 . A)  I A E 2 
READ ( 5 . A)  IAF 3
A FORMAT( 1 OAA)
R E A D ( 5 . 3 )  K. NA
3 FORMAT( 2 1 3 )
R E A D ( 5 , 5  ) N
5 FOPMAT( I 3 )
R E A O ( 5 , 3 0 )  ( AMAS 5 (  I ) » I -  1 . N )
3'.' FORMAT ( 6 F 1 C . 6 )
R E A D ( 5 . 3 1 )  ( F A ( I ) . I  = l . N )
31 FORMAT( 1 A F 5 * 1)
*R I T E ( 6 . 3 2  ) ( F A (  I ) ,  I = l . N )
3 2  F O R MA T ( F 1 A « 7 )
R E A D ( 5 . 1 3 0 )  ( Z ( J ) . J = 1 . N )
1 3 .  FORMAT( 1 3  F 7 * A )
READ( 5 . 1 3 1 )  W 
1 3 1  FORMAT ( F I D . b )
R E A 0 ( 5 . 2 5 C )  ( » I ( M ) , M  = 1 . A 9 5 )
25C FORMAT!  1 5 F 5 *  1 )
« R I T t  ( 6 , 1 3 )
1 3  FORMAT ( 1H1 , 2 0 X .  ' MASS M A T R I X * , / / / / )
DO 3 5  1 = 1 , N
AMASS!  I )  = AMASS!  I ) / 3 8 6 * 4  
WRITE ! 6 , 1 4 )  I , ( A M A S S ! I ) )
S M A S S ( I )  = ( S O R T ! A M A S S ! I ) ) )
X M A S S ( I )  = 1 s O / S M A S S ! I >
3 5  CONTI NUE
14  FORMAT ( 1 OX,  I 2 .  1 0 X , F 1 3 , 6 . / )
WRITE ( 6 , 1 5 )
15  F O R M A T ! I H l , 1 5 X , ' D A M P I N G  R A T I O S ' , / / / / )  
wR I T E ! 6 ,  1 4 )  ( J , Z ( J ) , J = 1 , N )
DO 2 5 5  M = 1 , 4 9 5  
I F ( *  I ( M ) , L T , C *  ) GO TO 2 6 C  
2 5 5  W I ( M ) = * I ( M ) * 1 r , * * ( - 5 )
GO TO I 
2 6 0  S K 1 P = . T R U F ,
I DO 1 0 0 C  L = 1 ,K
R E A O ( 5 , 1 0 ) ( ( A ( I , J ) , J = 1 , N ) , I = 1 , N )
10 FORMAT(F c 10* 3)
DO 3 1 0  I = 1 , 1 4
3 1 0  D ( I ) = A! I ,  I )
WRITE ( 6 , 1 1 )
11 FORMAT! 1H1 , 2 C X ,  • INFLUENCE C OE F F I C I E NT  M A T R I X ' , / / / / )
WRITE ( 6 , 1 2 )  ( ( A ! I , J ) , J = 1 , N ) , I = 1 , N )
12  F O R M A T ! I C E 1 2 , 3 . / )
CALL DECMP S ( N , N A * A , E X I T )
I F ( E X I T « E Q * 1 * 0 )  GO TO ICO 
CALL I N V E R T ! N , N A , A )
GO TO 3 0 0  
1 0 0  WRI TE( 6 , 20 C )
2 0 0  FORMAT( / / , I t  X , • A ZERO OR NEGATI VE APPEARED ON THE u I  ATONAL• » / / / / )  
GO TO 5 C0  
3 0 0  W R I T E ! 6 , 4 0 0 )
4 C9  F O R M A T ! 1 H 1 , 2 ~ X , ' S T I F F N E S S  M A T R I X ' . / / / )






C P RE- MUL TI P L Y AND POS T- MULTI  PLY THE S T I F F N E S S  MATRIX BY
C THE INVERSE OF THE SOUARE ROOT OF THE MASS MATRIX
C
DO AC I = 1 . N  
DO 4 0  J = 1 » N
A ( I « J ) = A ( I t J ) * X M A S S (  I ) *  XMA S S  C J )
4 0  CONTI NUE
CALL J A C Q B ( E » Q » N A » A , N A , N » F l  )
TRANSFORM EI GENVALUES INTO FREQUENCI ES AND EI GENVECTORS INTO 
ORI GI NAL COORDINATE SYSTEM
WRITE ( 6 . 5 5 )
5 5  FORMAT( 1 H 1 . 2  OX,  ' NATURAL F REQUENCI ES  ( H Z )  • . / / / / )
DO 6 0  1 = 1 .  N
F(  I ) = S QR T ( E ( I ) ) 
c. ( I ) -  F ( I ) / ( 2 . 0 * 3 «  1 4 I 5 R 2 7 )
6 0  *R ITE ( 6 , 6 5 )  I . £ (  I )
6 5  FORMAT( 1 0 X , I 2 . 1 C X . F 1 3 * 7 . / )
DO 8 0  J =  1 «N 
DO 8 0 I = 1 . N
V ( I , J )  = Q (  I ,  J ) * X M A S S (  I )
8 C CONTI NUE  
AREA = 0 h  
DO 81 I = l . N  
8 1 AREA = AREA«-FA( I )
WRITE ( 6 . 8 6 )  AREA 
3 6  FORMAT( 1 OX,  • TOTAL AREA OF STRUCTURE = • . 2 X ,  F d , 3 . 2 X ,  • I NCHES * * 2 •  )
C
C CALCULATI ON OF MODAL P A R T I C I P A T I O N  FACTORS AND GENERALI ZED FUPCC
C
NN = 1 3
DO 8 2  I = l . N N  
SUM = L •







l'O y j  J = I . n
SUM = SUM+FA( J ) * V ( J  ,  I )
0 3  OUM = D U M + A M A S S ( J ) * V < J . I ) « * 2  
F C H ( I ) = SUM
8 2  P(  I ) = U O / D U M
WRITE ( 6  « 1 J 1 ) ( I .  F O R ( I ) , I  = l . N N )
1 ( 1  FORMAT( 1 j X t  1 2 . 1  0 X .  F 1 4 « 7 » /  )
*R I TE ( 6 . 1 C5 )
13  5  rORMAT(  1H1 . 1 ; x ,  'MODAL P A R T I C I P A T I O N  F A C T O R S * , / / / / )
UO 12C J - 1  , N N 
12  J * R I T E  ( 6 . 1 2 b )  J , P ( J )
1 2 5  FORMAT( 1 3X ,  I 2 , 1 O X . F 1 4 , 7 , / >
REFERENCE PLATE DI SPLACEMENT TO THE FRAME
D(J 8 5 J -  l . N  
DO 8 5  I = l . N  
V ( I , J )  = V( I . J ) -  V ( 1 4 ,  J )
8 5  CONTINUC
9 0  FORMAT ( 1 OX,  1 2 . 5 X ,  1 2 . 1  3 X . F 1 3 , 7 . / )
WRITE ( 6 , 9 1 )
91  FORMAT! 1 H 1 , 1  OX,  ' NORMALI ZED EI GENVECTORS IN U.  C„ S , * . / / / / )
CALCULATI ON OF RMS AMPLITUDE OF VI BRATI ON
CALL G RA N D ! WI . 4 9 5 . 1 • , EX 1C)
EXI C = F X I C / 4 9 d »
W R I T E ! 6 . 1 2 8 )
1 2 6  FORMAT ( 1H1 , l ' . 'X,  *RMS AMPLI TUDt  OF V I HR AT I ON ( I N* ) * , / / / /  ) 
wR I T E ( 6 . 2 7 C ) EXI C
2 7 3  FORMAT( / / / . b O X , * W A V ( V * * 2 / H Z )  = * , 2 X , Z 1 2 , 5 , / / / / / )
IF ( t f . G T . C * )  GO TO 1 3 5  
W = EXI C  
1 3 5  DO 1 5 0  1 = 1 . NN









1 8 5  
1 00  
1 9 1
0 0  1 4 0  J - 1 *NN
XNUM = 3 ,  1 4 1 8 9 2 7 * ( P ( J ) * * 2 ) * ( V ( I , J ) * * 2 ) * ( F OR( J ) * * 2 )
HhNlJM = 4 * / (  J ) * ( F ( J ) * * 3 )
I-RAC - XNUM/DENUM
SUM = SUM+FRAC
RMSS = W* SUM/ (  2 « * 3 *  1 41  5^*2 )
X( 1 ) = SQR T ( R MS S 1
X ( I )  - X ( I ) *  1 6 5 « 5 / A R F A  
AR ITr. (  6 ,  1 5 5 )  I . X ( I )
FORMAT( 1 CX,  I 2 , 1  X , E 1 4 , 7 , / )
CALCULATI ON OF OUTPUT POwER SPECTRAL OENSI TY
1 - N  I S  REFERENCE FROM WHICH DI SPLACEMENTS ARE MEASURED-  
DO 1 9 5  I = 1 . N N  
* R I T E ( 6 * 1 8 0 )  I
FORMAT( 1 H 1 • 5  3 X «* M A S S = • » 2 X » 12 » / / / / )
IF ( S K I P )  GO TO l ' . C ’
DO 1 9 1  M = 6 • 5  0 C 
HZM -  F LOAT( M)
SUM - 0 *
DO 1 8 5  J = 1 . N N
X N U M = ( V ( I « J ) * * 2 ) * ( P ( J ) * * 2 ) * ( F O R ( J ) * * 2 )
R A = H Z M / F ( J )
A 1 - ( 1 , - R A * * 2 ) * * 2
A 2 = ( 2  .  *Z < J ) * R A ) * * 2  
DtNUM = ( A 1 + A 2  ) * ( F ( J ) * * 4 )
FRAC =XNUM/ DENUM 
SUM = SUM+FRAC
WO( M ) = W I ( M - 5 ) * S U M / < 2 « * 3 ,  1 4 1 5 9 2 )
HZ{ M— 5  ) = HZM
* 0 ( M - 5 ) =  WO<M) ♦ (  1 6 5 , 5 / A R E  A ) * * 2  
CONTINUE
W R I T £ ( 6 , 1 2 )  < w O ( M ) , M = 1 , 4 9 5 )
CALL GRAND( WU. 4 9 5 . 1 • , D U M)
XI = SORT( DUM) 114
*P I Ti_ ( 6 . 2 1 5  ) XI 
2 1 5  F O R M A T ( / / / , 5 0 X » ' X I ( I N)  = * , 2 X , E 1 2 # 5 )
OFAD ( 5 . 4 )  I A T 1 
RhAO ( 5 . 4 )  I A T J
1 9 5  CONTINUE
CALL WEBAL( HZ. V( I  . 4 9 7 . * 5 .  0* .  > 5 i v i  . 4 * 5 . 7 #  . 1  . 0 . 5 .  IAE1 » 5 v » I A L 2 » 5 v »  
1 I A E 1 . 5 0 )
0 ( 2 )  = ( D ( 2 ) + D ( 3 ) + D ( 4 ) + D ( S )  ) / 4 *
D ( J )  = ( D ( 6 ) + D ( 7 ) + D ( 8 ) + D < 9 > ) / 4 .
DO 1 C 0 0  Ml =  1 , 3
R E A D ( 5 , 2 5 0 >  ( X D ( B ) . M  = 1 , 4 9 5 )
#R I T E ( 6 . 2 5 0 )  ( X D ( M) . M = 1 , 4 9 5 )
DO 2 6 1  I = 1 . 4 9 5
X D ( I )  = XD( I ) *  1 C« * ♦ ( - 6 ) * ( 1 6 5 . 5 * D ( Ml ) ) * * 2  
HZ ( I ) = FLOATt  I ) + 5 #
2 6 1  CONTINUE
READ ( 5 . 4 )  I A X1 
READ ( 5 , 4 )  I A X 2 
READ ( 5 , 4 )  I A X 3
CALL w L B A L ( H Z . X D , 4 9 7 , # 5 . C* . < , 5 . 0 *  . 4 ,  5  , 7 3 i l  . J  • •  IAXI  , 5 ' .  ,  I A X 2 . 5 „ .  
1 I A X 3 . 5 0 )
1G0C CONTINUE
CALL P L O T ( 0 #  * 0 3 . 9 9 9 )


















SQUARE MATRIX S I Z E
DI MENS I ON A ( N A , N A )
REAL* 8  SUM,  DDLE 
r x  i t  = 0 * 0  
DU 6  I = l . N  
IM1 = I 1 
DO 6 J = l . N  
SUM = A ( I , J )
IF ( I  •  L  T* 2 ) GO TO 2 
DO 1 K = 1 . I M 1
1 SUM = SUM -  D B L E ( A ( K , I ) )  * D B L E ( A ( K . J )  )
2 IF ( J • NE a I ) GO TO J 
GO TO A
3 A( I . J ) = SUM * TEMP 
GO TO 6
4 IF ( SUM)  7 .  7 ,  5
5  DUM = SUM
TEMP = 1 , 0  /  SQRT( OUM)
A ( I , J ) = TtMP
6 CONTI NUE  
RETURN
7 EX IT = 1 * 0  
W R I T E ( 6 , 1 2 )
1 2  F O R M A T ( I X , *  SCREWED U P * . / / / )
W R I T E ( 6 , 1 0 >  I , J * SUM 











SUBROUTINE INVERT (N. NA. U)
DI MENSI ON U ( N A i N A )
REAL * 8  SOM,  DOLE
U " UPDER TRIANGULAR MATRIX (FROM DECMPS)
N = SQUARE MATRIX S I Z E
DO 2  1 -  l . N
I P1  - I ♦ 1
IF ( 1 P 1  * GT.  N)  uO TO 2 2
DO 2 J = I P 1 .  N
JM I = J -  1
SOM -  c . o
DO 1 K = I . J M 1
1 SUM = SUM -  DOLE( U ( K » I ) )  * D O L E ( U ( K . J ) )
2 U(  J .  I ) = SUM * U< J , J )
2 2  DO 4 I = l . N
DO A J -  l . N  
SUM = O r , :
DO 3 K = J . N
3 SUM -  SUM ♦ D d L E ( U ( K , I > )  * D B L E ( U ( K , J ) )
O ( J »1 ) = SUM






SUHPOU T I NE G P A N D ( A * N A * DEL T A • ARE A )
C -----------------------------------------------------------------------------
c
DI MENSI ON A I N A )
AREA = C.
H = D E L T A / J .
N = N A -  2 
DO 1 I = l . N . 2 






SUBROUTI NE WEBAL( X•Y.N P 2 ,XO. YO•X B,Y B.X L.YL• K . J•KHAR•T I T 1• I I .  
IT IT 2 » I 2 . T I T 3 , 1 3 )
C --------------------------------------------------------------------------------------------------------------------------------
C
DI MENS I ON X { N P 2 ) . Y ( N P 2 ) . T I T 1 ! I 1 ) . T I T 2 ! I 2 ) , T I T 3 ! I 3 >
COMMON I D 9 ( 1 5 ) • B U F { 3  0 0 0 )
CALL P L 0 U - . 5 , - , 5 . 3 )
CALL P L O T ! —• 5 » 8 » 5 » 2 )
CALL P L O T ( 5 . 5 , 8 . 5 * 2  )
CALL P L 0 T ( 5 . 5 » —. 5 . 2 )
CALL PLU H - . 5 . - . 5 . 2  )
N = N P 2 - 2
CALL S C A L E ! X . X L , N . K  )
CALL S C A L O G t Y . Y L . N . K )
CALL AX I S ( X O . Y O , I  0 9 . - 3 5 . X L . C.  . X I N + l  ) . X ! N + 2 >  )
CALL LGAXIS(XB.Yfl.1H .1•Y L .9 3«•Y (N + 1)•Y <N + 2 ))
CALL L G L I N E ( X . Y . N . K . J . K H A R . 1 )
CALL SYMBOL C 0 . . P . ? . . 1 4 , T I T 1 , ) . . I I )
CALL S Y M B O L ! 3 . . 8 , . . 1 4 , T I T 2 , 0 . . I 2 )
CALL S Y M B O L ( 0 . . 7 . 8 . . 1 4 . T I T 3 . S . . 1 3 )
CALL P L O T ! - . 5 , 7 . 5 . 3 )
CALL P L 0 T ! 5 . 5 . 7 . 5 . 2 )




SUBROUTINE JACOBI D •O T ,N Q•A ,N A•N • IORD )
DI MENS I ON A I N A . N ) . Q T I N Q . N ) . D I N )
DATA E P S / l . E - 8 /
DU 3 1 0  K = 1 . N  
Dt K ) =AI K, K )
DO 3 1 1  M = 1 , N  
3 1 1  O T I K , M ) = O . C  
3 1 C QT( K iK ) - 1 .
I T - 0  
SUM=C. O  
DO 5 0 5  I - l . N  
DO 5 0 5  J = 1 • N 
5 0 5  SUM = SUM *  A O S I A i I . J ) )
5 0 0  I F !  I T - 1 ) 5 1 0 . 5 1 1 . 5 1 2
5 1 0  T H - 5 U M / I N * N )
GO TO 5 1 5
5 1 1  TH=TH/ N  
GO TO 5 1 5
5 1 2  TH - C * C  
5 1 5  I T = I T + 1
E = 0 *  0 
NM1 = N -  1 
DO 10  J =1 » NM1 
J M = J -f 1
DO 1C I = J M , N
I F ( A B S I A I  I , J )  ) , L I » T H )  GO TO 10  
L= I 
M = J
I F ( A B S ( A t L . M ) ) , L E « E P S * t A B S t D t L ) > + A B S ( D t M ) >>)  GO TO 5C 
B E T A = I D I L ) - D ( M ) ) * « 5 / A I L . M )  
T = 1 . / I B E T A * S I G N I S 0 R T I B E T A * * 2 F 1 . ) . B E T A ) )
C2 — 1 • / ( 1  . + T * T )
C= SQR T ( C 2 )
S = T*C 120
A Oj u to to 00
*■* in O o o o o o o
o o o UI t . to c> o
*4* o > o o o o o D o > > U o c *— > > o o c > > o o c _ r r £ z rr. H -1
■n "H o H -4 c c o 0 0 c c o TI c c o T| 0k 0k c c o T ” z XI z ii 11 >
0 k z r ^k z z r z X X z 2 —» r X z z 0k r X z z ii ii il 1 rr. H c
fTl -4 • X X to 00 p w • « to u r # • to 00 to z # 0 to z r r Z z + * M
-4 • Z • • II II o II II r 7 II It 4 ) -o x z ii II o •0 X X 11 ll o £ ♦ i + 1 > >
• o z ■̂r r z o o o o w w > > o • > > o • «•» w > > o • 00 00 00 33 V
r -4 c It ■«»* -4 —4 o 0k II II c ii II — .1 II r I/i
ti • r .5 ti II 0k X z c o X x * -4 o o r X X -4 o c r £ X m • M*
• O • D O X X II r c c « * II • c c • • Ii • c c « * II M > X •
to • C c « • 00 1 z z r z r z z z x z z r z z X X o
o z z r z • ♦ -4 to — "0 w to ►* •0 z to • w r n
to *—• w z -4 ♦ 1 « •♦• 1 * ♦ 1 z •
o ♦ 1 l/i (/> z o i/> 1/1 r i/> ir> z X
o i/> u> * * c * * z o # * o
o • # A 0k o
H o o H o a o O -4
o -H o o c c o c c -4 c c o
o c c z z z z o z zz z 00 to u to 00 to 00un to 1 ♦ o 1 + to 1 ♦ oto o 1 ♦ a D UJ o o o o o ►"o o o c c c c to c cc c z z z z z zz z to to to
to ►- * * * « • *» » -4 -4 H H -4 -4
H H > > > > > >> > C c C c c c






DO 3 0 6  1 = 1 . N 
DO 3 0 6  J = l . N  
A< J . I  ) = A(  I , J )
I F C I OHO * EQ« 0 0  ) RETURN 
FORD = F L OAT* I ORD)
0 0  4 1 0  1 = 1 . NM1 
I P 1 = I M
1 M I N = I
DO 4 C 5  J = I P 1 . N  
1 F < ( D< I M I N ) —D ( J )  ) * FORD * GT* 0 * 0
I F ( I M I N . E Q . I ) GO TO 4 1 0  
1 E M P = D ( I M I N )
D( IMIN )=DC I )
D ( I ) = T E MP  
0 0  4 1 5  J = 1 . N 
T E M P = Q T < J . I M I N )
Q T ( J , I M I N ) =  Q T ( J . I )










Sample C a l ib r a t io n  C a lc u la t io n s  
C a lc u la t io n  o f  C onstant A:
AR5 = RG - Rg+Rp
ARs = 1 2 0 .8  - 1 2 0 .8  (5 0 ,0 0 0 )
1 2 0 . 8  + 5 0 ,0 0 0
A R5 = 1 2 0 .8  - 120 .51
AR5 = .29
.2 9  - .07 .2 2  = .276
1 .051  - .254 .797
.27 - .07 = . 22  = .2715
1 .0 5 6 - .246 .810
.29  - .07 . 22  = .273
1 .0 4 1 - .2335 .807
A = AR j average  = ( .2 7 6  + .2715 + .2 7 3 )  /3  = .274
V
C a lc u la t io n  o f  C onstant B:
B =  1 = 1________  = .00418
RF 1 2 0 .8  (1 .9 8 )
C a lc u la t io n  o f  C onstant C:
From mass number one , L = 20 pounds fo r c e ,
125
t  = 1 0 ,0 0 0  - 9 ,8 7 6  = 124 x 10" 6 ( i n / i n )
C = L = 20 = .1538  x 106
t  124 x 1 0 ' °
From mass number tw o, L = 20 pounds f o r c e ,
t  = 1 0 ,0 0 0  - 9 ,8 5 9  -  141 x 10" 6 ( i n / i n )
C = L = 20 = .142  x 106
t  141 x 10" 6
From mass number t h r e e ,  L = 20 pounds f o r c e ,
t  = 5 ,0 0 0  - 4856 = 144 x 10- 6  ( i n / i n )
6
C = L = 20 = .14  x 10
t  144 x 10“b
C average  = ( .1 4  + .142  + .1538 )  x 10^/3 = .144  x 10^
A x B x C = .274  x .00418  x .144  x 10^ = 165 .5
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F lo r id a ;  and Monsanto Company in  H a rtfo rd , C o n n e c t ic u t .  He a l s o  
spent two summers a t  th e  M i s s i s s i p p i  T es t  F a c i l i t y  perform ing  the  
e x p er im en ta l  t e s t  req u ir ed  fo r  h i s  d i s s e r t a t i o n .  W hile a t t e n d in g  
L o u is ia n a  S t a t e  U n i v e r s i t y ,  he became an a c t i v e  member o f  the  
fo l lo w in g  o r g a n iz a t io n s :  The American S o c ie ty  fo r  M echanical
E n g in eer s ,  P i Tau Sigma, The American I n s t i t u t e  o f  A ero n a u tic s  and 
A s t r o n a u t ic s ,  P i Mu E p s i lo n ,  and Theta X i.
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